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. Abstract. We study a moduli space of ASD connections over S'^ x R. We consider 

not only finite energy ASD connections but also infinite energy ones. So the moduli 
^0 I space is infinite dimensional in general. We study the (local) mean dimension of this 

' infinite dimensional moduli space. We show the upper bound on the mean dimension by 

using a "Runge- approximation" for ASD connections, and we prove its lower bound by 
. constructing an infinite dimensional deformation theory of periodic ASD connections. 



1. INTRODUCTION 

Since Donaldson [3] discovered his revolutionary theory, many mathematicians have 
intensively studied the Yang-Mills gauge theory. There are several astonishing results on 
the structures of the ASD moduli spaces and their applications. But most of them study 
only finite energy ASD connections and their finite dimensional moduli spaces. Almost 
nothing is known about infinite energy ASD connections and their infinite dimensional 
moduli spaces. (One of the authors struggled to open the way to this direction in [191 [20].) 



> 

^ ■ This paper studies an infinite dimensional moduli space coming from the Yang-Mills 
^ ■ theory over S*^ x M. Our main purposes are to prove estimates on its "mean dimension" 
(Gromov [12]) and to show that there certainly exists a non-trivial structure in this infinite 
I dimensional moduli space. (Mean dimension is a "dimension of an infinite dimensional 
^ I space averaged by a group action".) 

The reason why we consider S*^ x M is that it is one of the simplest non-compact anti- 
self-dual 4-manifolds of (uniformly) positive scalar curvature. (Indeed it is conformally 
flat.) These metrical conditions are used via the Weitzenbock formula (see Section H?Ti) . 
Recall that one of the important results of the pioneering work of Atiyah-Hitchin-Singer 
[H Theorem 6.1] is the calculation of the dimension of the moduli space of (irreducible) 
self-dual connections over a compact self-dual 4-manifold of positive scalar curvature. So 
our work is an attempt to develop an infinite dimensional analogue of [U Theorem 6.1]. 
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Of course, the study of the mean dimension is just a one-step toward the full under- 
standing of the structures of the infinite dimensional moduli space. (But the authors 
believe that "dimension" is one of the most fundamental invariants of spaces and that 
the study of mean dimension is a crucial step toward the full understanding.) So we need 
much more studies, and the authors hope that this paper becomes a stimulus to a further 
study of infinite dimensional moduli spaces in the Yang-Mills gauge theory. 

Set X := X M. Throughout the paper, the variable t means the variable of the M- 
factor of X = 5''^ X R. (That is, t : X ^ M is the natural projection.) S''^ x R is endowed 
with the product metric of a positive constant curvature metric on and the standard 
metric on R. (Therefore X is S^{r) x R for some r > as a Riemannian manifold, where 
S^{r) = {x e R^l |a;| = r}.) Let E := X x SU{2) be the product principal 5?7(2)-bundle 
over X. The additive Lie group R acts on X by X x R 9 ((6*, t),s)^ {6, t + s) eX. This 
action trivially lifts to the action on by -E x R 9 {{6, t, u),s) ^ {6, t + s,u) G -E. 

Let d>0. We define Aid as the set of all gauge equivalence classes of ASD connections 
A on E satisfying 

(1) ||F(A)||^^(^)<d. 

Here F{A) is the curvature of A. M.^ is equipped with the topology of C°°-convergence 
on compact subsets: a sequence [A„] {n > 1) converges to [A] in Ada if there exists a 
sequence of gauge transformations Qn of E such that gn{An) converges to A as n ^ oo 
in the C°°-topology over every compact subset in X. Aid becomes a compact metrizable 
space by the Uhlenbeck compactness ([221 123]). The additive Lie group R continuously 
acts on by 

MdxR^Md, {[A],s)^[s*A], 

where s* is the pull-back hj s : E —>■ E. Then we can consider the mean dimension 
dim{Aid '■ K)- Intuitively, 



dim{Md '■ 



dim^Vlrf 



vol(R) 

(This is oo/oo in general. The precise definition will be given in Section [2l) Our first 
main result is the following estimate on the mean dimension. 

Theorem 1.1. 

dim{Md ■■ K) < +00. 
Moreover, dim(A^(i : R) +oo as d +oo. 

For an ASD connection A on E, we define p{A) by setting 
(2) p(A) := hm -i- sup / \F{A)\'dyol 
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This limit always exists because we have the following subadditivity. 
sup / \F{A)\^dvol 

ieK Js3x[t,t+Ti+T2] 

<sup / |F(A)pdvol + sup / \F{A)\^dYol 

p{A) is translation invariant; For s G M, we have p{s*A) = p{A), where s*A is the pull- 
back of A by the map s: E = S^xRxSU{2) E, {e,t,u) ^ {e,t + s,u). We define p{d) 
as the supremum of p{A) over all ASD connections A on £^ satisfying ||F(A)||^oo < d. 

Let A be an ASD connection on E. We call A a periodic ASD connection if there exist 
T > 0, a principal S'f/(2)-bundle E over x (M/TZ), and an ASD connection A on E 
such that {E, A) is gauge equivalent to (7r*(E), 7r*(A)) where n : xR^ x (M/TZ) 
is the natural projection. (Here 5*^ x (R/TZ) is equipped with the metric induced by the 
covering map vr.) Then we have 

(3) P{A) = -\-! |F(A)prfvol-'^® 



We define Pperi{d) as the supremum of p{A) over all periodic ASD connections A on 
satisfying ||F(A)||j;^oo < d. (Note that we impose the strict inequality condition here.) 
If d = 0, then such an A does not exist. Hence we set Pperj(O) := 0. (If d > 0, then 
the product connection A is a periodic ASD connection satisfying ||F(A)||^^ = < d.) 
Obviously we have Pperi{d) < p{d). Our second main result is the following estimates on 
the "local mean dimensions". 

Theorem 1.2. For any [A] E Aid, 

dimiA]{Md:R) <8p{A). 
Moreover, if A is a periodic ASD connection satisfying ||F(A)||^<^ < d, then 

dim[A]{Md:^) = 8p{A). 

Therefore, 

8pperi{d) < dimiociMd : K) < 8p(rf). 

Here dim[A]{A4d '■ ^) is the "local mean dimension" of Aid at [A], and dimiodAid '■ 
M) := sup^A]eMd ^^^lA]{-^d '■ ^) is the "local mean dimension" of Aid- These notions will 
be defined in Section 12.21 

Note that 

lim Pperi{d) = +00. 

d^ + OD 

This obviously follows from the fact that for any integer n > there exists an ASD 
connection on 5''^ x (M/Z) whose second Chern number is equal to n. This is a special 
case of the famous theorem of Taubes (Note that the intersection form of x 
is zero.) We have dim(A^rf : M) > dimiodAid ■ R) (see in Section 12. 2p . Hence 
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the statement that dim(A1d : M) —>■ +00 {d +00) in Theorem 11.11 follows from the 
inequahty dimiodAid '■ ^) > ^Pperi{.d) in Theorem II. 2 [ 

Remark 1.3. All principal SU (2)-bundles over S*^ xM are gauge equivalent to the product 
bundle E. Hence the moduli space A^d is equal to the space of all gauge equivalence classes 
[E, A\ such that ii^ is a principal S'?7(2)-bundle over X, and that A is an ASD connection 
on E satisfying < d. We have [£"1,741] = [£2,^2] if and only if there exists a 

bundle map g : Ei ^ E2 satisfying g{Ai) = A2. In this description, the topology of 
is described as follows. A sequence [En, An] {n > 1) in M.cl converges to [E, A\ if and only 
if there exist gauge transformations Qn '■ En ^ E {n ^ 1) such that gn{An) converges to 
A as n — > 00 in C°° over every compact subset in X. 

Remark 1.4. An ASD connection satisfying the condition ([T]) is a Yang-Mills analogue 
of a "Brody curve" (cf. Brody [3]) in the entire holomorphic curve theory (Nevanlinna 
theory). It is widely known that there exist several similarities between the Yang-Mills 
gauge theory and the theory of (pseudo-)holomorphic curves (e.g. Donaldson invariant 
vs. Gromov-Witten invariant). On the holomorphic curve side, several researchers in 
the Nevanlinna theory have systematically studied the value distributions of holomorphic 
curves (of infinite energy) from the complex plane C. They have found several deep 
structures of such infinite energy holomorphic curves. Therefore the authors hope that 
infinite energy ASD connections also have deep structures. 

The rough ideas of the proofs of the main theorems are as follows. (For more about the 
outline of the proofs, see Section [3l) The upper bounds on the (local) mean dimension 
are proved by using the Runge-type approximation of ASD connections (originally due to 
Donaldson [5]). This "instanton approximation" technique gives a method to approximate 
infinite energy ASD connections by finite energy ones (instantons). Then we can construct 
"finite dimensional approximations" of A^^ by moduli spaces of instantons. This gives a 
upper bound on (\im.{}AcL '■ I^)- The lower bound on the local mean dimension is proved 
by constructing an infinite dimensional deformation theory of periodic ASD connections. 
This method is a Yang-Mills analogue of the deformation theory of "elliptic Brody curves" 
developed in Tsukamoto [21j. 

A big technical difficulty in the study of Ai^ comes from the point that ASD equation 
is not elliptic. When we study the Yang-Mills theory over compact manifolds, this point 
can be easily overcome by using the Coulomb gauge. But in our situation (perhaps) there 
is no such good way to recover the ellipticity. So we will consider some "partial gauge 
fixings" in this paper. In the proof of the upper bound, we will consider the Coulomb 
gauge over instead of 5*^ x M (see Propositions 17. II and 17. 2p . In the proof of the lower 
bound, we will consider the Coulomb gauge over 5*^ x M, but it is less powerful and more 
technical than the usual Coulomb gauges over compact manifolds (see Proposition 19.61) . 
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Organization of the paper: In Section [2] we review the definition of mean dimension 
and define local mean dimension. In Section [3] we explain the outline of the proofs of The- 
orem 11.11 and 11.21 Sections IH [5] and [7] are preparations for the proof of the upper bounds 
on the (local) mean dimension. Section [6] is a preparation for both proofs of the upper 
and lower bounds. In Section [8] we prove the upper bounds. Section [9] is a preparation for 
the proof of the lower bound. In Section [10] we develop the deformation theory of periodic 
ASD connections and prove the lower bound on the local mean dimension. In Appendix 
|X]we prepare some basic results on the Green kernel of A + a (a > 0). 

Acknowledgement. The authors wish to thank Professors Kenji Nakanishi and Yoshio 
Tsutsumi. When the authors studied the lower bound on the local mean dimension, they 
gave the authors helpful advice. Their advice was very useful especially for preparing 
the arguments in Section [9l The authors also wish to thank Professors Kenji Fukaya and 
Mikio Furuta for their encouragement. 

2. Mean dimension and local mean dimension 

2.1. Review of mean dimension. We review the definitions and basic properties of 
mean dimension in this subsection. For the detail, see Gromov [T^ and Lindenstrauss- 
Weiss [H]. 

Let (X, d) be a compact metric space, y be a topological space, and f : X ^ Y he a. 
continuous map. For e > 0, / is called an e-embedding if we have Diam/~^(y) < e for 
all y We define Widim£(X, d) as the minimum integer n > such that there exist a 
polyhedron P of dimension n and an e-embedding f : X ^ P. We have 

hm Widime(X, c?) = dimX, 

e^O 

where dimX denotes the topological covering dimension of X. For example, consider 
[0, 1] X [0,e] with the Euclidean distance. Then the natural projection vr : [0, 1] x [0,£:] 
[0,1] is an e-embedding. Hence Widim£([0, 1] x [0, e], Euclidean) < 1. The following is 
given in Gromov fi2[ p. 333]. (For the detailed proof, see also Gournay [LOj Lemma 2.5] 
and Tsukamoto [21], Appendix].) 

Lemma 2.1. Let {V, ||-||) be a finite dimensional normed linear space of er M. Let Bj-iV) 
he the closed hall of radius r > inV. Then 

Widim,(5,(V), IHI) = dimV (e < r). 

Widim£(X, d) satisfies the following subadditivity. (The proof is obvious.) 

Lemma 2.2. For compact metric spaces {X^dx), iXidy), we set {X,dx) x {Y,dY) '■ = 
{X xY,dxxY) with dxxY{{xi,yi),{x2, 1/2)) := max{dx{xi,X2),dY{yi,y2))- Then we have 

Widim,((X,rfx) x (y,rfy)) < Widime(X, rf^) + Widime(y, rfy). 
The following will be used in Section 18.11 
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Lemma 2.3. Let (X, d) be a compact metric space and suppose X = XiU X2 with closed 
sets Xi and X2. Then 

Widim,(X, d) < Widim,(Xi, d) + Widim,(X2, d) + 1. 

In general, if X = Xi U X2 U ■ ■ ■ U X„ (Xi: closed), then 

n 

Widim,(X, d) <J2 Widim,(Xi, d) + n - 1. 

i=l 

Proof. There exist a finite polyhedron Pi {i = 1,2) with dimPj = Widime(Xj, d) and an e- 
embedding fi : {Xi,d) Pi. Let Pi*P2 = {tx®{l-t)y\x G Xi, y G X2, < t < 1} be the 
join of Pi and P2- {Pi*P2 = [0, 1] x Pi x P2/ ~, where (0, x, y) ~ (0, x\ y) for any x,x' E X 
and (1, X, y) ~ (1, x, y') for any y, y' G F. tx® (1 — t)y is the equivalence class of (t, x, y).) 
Pi*P2 is a finite polyhedron of dimension Widim£(Xi, (i)+Widim£(X2, d) + l. Since a finite 
polyhedron is ANR, there exists a open set Ui D Xi over which the map fi continuously 
extends. Let p be a cut-off function such that < p < 1, suppp C Ui and p{x) = 1 if 
and only if x G Xi. Then supp(l — p) = X \ Xi C X2 C U2. We define a continuous 
map P : X — i> Pi * P2 by setting P(x) := p(x)/i(x) © (1 — p(x))/2(x). F becomes an e- 
embedding; Suppose P(x) = F{y). If p(x) = p{y) = 1, then x,y E Xi and fi{x) = fi{y). 
Then d{x,y) < e. If p(x) = p(y) < 1, then x, y G X2 and /2(x) = f2{y)- Then d{x,y) < e. 
Thus Widim^(X, d) < dim Pi * P2 = Widims(Xi, d) + Widime(X2, d) + 1. □ 

Let r be a locally compact Hausdorff unimodular group with a bi-invariant Haar mea- 
sure I ■ |. We suppose that F is endowed with a left-invariant proper distance. (Properness 
means that every bounded closed set is compact.) In Section [2] we always assume that F 
satisfies these conditions. When F is discrete, we always assume that the Haar measure 
I ■ I is the counting measure. (That is, \Q\ is equal to the cardinality of Q.) 

Let Q G T he a subset and r > 0. The r-boundary dr^l is the set of points 7 G F such 
that the closed r-ball Br{'~f) centered at 7 has non-empty intersection with both Q and 
F \ A sequence of bounded Borel sets {fln}n>i in T is called amenable (or F0lner) if 
for any r > the following is satisfied: 

lim l^r^nl/l^nl = 0. 
n— >oo 

F is called amenable group if it admits an amenable sequence. 

Example 2.4. F = Z with the counting measure | ■ | and the standard distance \x — y\. 
Then the sequence of sets {0, 1,2, ■■■ ,n} (n > 1) is amenable. The sequence of sets 
{— n, —n + 1, ■ ■ ■ , —1, 0, 1, ■ ■ ■ , n — 1, n} (n > 1) is also amenable. 

Example 2.5. F = M with the Lebesgue measure | ■ | and the standard distance \x — y\. 
In this paper we always assume that M has these standard measure and distance. Then 
the sequence of sets {x G M| < x < (n > 1) is amenable. The sequence of sets 
{x G M| — n < X < n} {n > 1) is also amenable. 
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We need the following "Ornstein- Weiss Lemma" (|12l pp. 336-338] and [HI Appendix]). 

Lemma 2.6. Suppose T is amenable. Let h : {bounded sets in T} M>o be a map 

satisfying the following conditions. 

(i) IfVLi c VL2, then h{VLi) < h{VL2). 

(ii) h{VLi U fis) < KVLi) + h{VL2). 

(Hi) For any 7 G F and any bounded set VL <ZV , h{^VL) = h{Q). Here •jQ := {•yx eT\x E 
Q}. 

Then for any amenable sequence {^^„}„>i in T, the limit lim„_^oo ^(^n)/|^n| always 
exists and is independent of the choice of an amenable sequence {Qn}n>i- 

Let {X, d) be a compact metric space with a continuous action of F. We suppose that 
the action is a right-action. For a subset f2 C F, we define a new distance ■) on X 
by 

dn{.x, y) := sup d{x.-f, y.-f) {x, y e X). 

Lemma 2.7. The map fl 1— >• Widim£(X, rf^) satisfies the conditions (i), (ii), (Hi) in 
Lemma \2.(A 

Proof. If Qi C ^2, then the identity map (X, (if^ J — > (X, rf^J is distance non-decreasing. 
Hence Widime{X , du^) < Widim,{X , du^) . The 

X — > {x,x), is distance preserving. Hence, by using Lemma [221 Widime(X, (injur22) ^ 
Widim£(X, d^J -|- Widime(X, (i^J. The map (X, d^n) — > (X, dfi), x 1— > x.'j, is an isometry. 
Hence Widime(X, d^^) = Widim£(X, d^,). □ 

Suppose that F is an amenable group and that an amenable sequence {fi„}„>i is given. 
For e > 0, we set 

Widim,(X : F) := lim Widim, (X, df, J . 

This limit exists and is independent of the choice of an amenable sequence {Qn}n>i- The 
value of Widime(X : F) depends on the distance d. Hence, strictly speaking, we should 
use the notation Widim£((X, : F). But we use the above notation for simplicity. We 
define dim(X : F) (the mean dimension of (X, F)) by 

dim(X : F) := limWidime(X : F). 

This becomes a topological invariant, i.e., the value of dim(X : F) does not depend on 
the choice of a distance on X compatible with the topology of X. 

Example 2.8. Let F be a finitely generated (discrete) amenable group. Let B C be 
the closed ball. F acts on by the shift. Then 



dim(5^ : F) = X. 
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For the proof, see Lindenstrauss- Weiss [TH Proposition 3.1, 3.3] or Tsukamoto [201 Ex- 
ample 9.6]. 

2.2. Local mean dimension. Let (X, d) be a compact metric space. The usual topo- 
logical dimension dimX is a "local notion" as follows: For each point p G X, we define 
the "local dimension" dim^X at p by dimpX := lim^^o dim 5^ (p) . (Here Br{p) is the 
closed r-ball centered at p.) Then we have dimX = suppg;>(^ dim^X. The authors don't 
know whether a similar description of the mean dimension is possible or not. Instead, in 
this subsection we will introduce a new notion "local mean dimension" . 

Suppose that an amenable group F continuously acts on X from the right. {{X,d) 
is a compact metric space.) Let F C X be a closed subset. Then the map Q ^ 
sup^gP WidimgCK, (i^Q) satisfies the conditions in Lemma [2^ Hence we can set 

Widim,(y c X : F) := lim ( sup Widim,(y, d^nj ) , 

n->oo \ -yfzr ) 

where {fin}n>i is an amenable sequence. We define 

dim(y c X : F) := limWidims(F C X : F). 

This does not depend on the choice of a distance on X compatible with the topology of 
X. If Y\ and Y2 are closed subsets in X with Y\ C 1^2! then 

dim(yi C X : F) < dim(r2 C X : F). 

If F C X is a F-invariant closed subset, then Widim£(F, rf-yo^) = Widim£(F, do^) because 
(F, — > (F, cin„), x a;.7, is an isometry. Hence 

dim(F c X : F) = dim(y : F), 

where the right-hand-side is the ordinary mean dimension of (F, F). In particular, dim(X C 
X : F) = dim(X : F), and hence for any closed subset F C X (not necessarily F-invariant) 

dim(y C X : F) < dim(X c X : F) = dim(X : F). 

Let Xi and X2 be compact metric spaces with continuous F-actions. Let Y\ C Xi 
and Y2 C X2 be closed subsets. If there exists a F-equivariant topological embedding 
/ : Xi — > X2 satisfying /(Yi) C F2, then 

(4) dim(Fi C Xi : F) < dim(y2 C X2 : F). 

For each point p G X and r > we denote Br{p)r (or Br{p;X)r) as the closed r-ball 
centered at p with respect to the distance dr{-,-): 

Br{p)r '■= {x G X| dY{x,p) < r}. 
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Note that dr{x,p) < r 7,^.7) < r for all 7 G F. Br{p)r is a closed set in X. We 

define the local mean dimension of X at p by 

dimp(X : r) := lim dim(5^(p)r C X : T). 

This is independent of the choice of a distance compatible with the topology of X. We 
define the local mean dimension of X by 

dimioc{X : F) := supdimp(X : F). 

Obviously we have 

(5) dimUX : F) < dim(X : F). 

We will use the following formula in Section [8^ Since {Br{p)r)-1 = -Br(p.7)r, we have 

Widims{Br{p)r,d^n) = Widime{{Br{p)r) -1 , dn) = Widims{Br{p.'y)r,dn), 
and hence 

(6) Widim,(5,(p)r C X : F) = lim f-^ sup Widim,(S,(p.7)r, dnj] . 

Let X, Y be compact metric spaces with continuous F-actions. If there exists a F- 
equivariant topological embedding f : X ^ Y, then, from (jl]), for all p G X 

dimp(X : F) < dim/(p)(F : F). 

Example 2.9. Let B C be the closed ball centered at the origin. Then we have 

dimo(5^ : F) = dimioc{B^ : F) = dim(5^ : F) = X, 

where = (x^)^gr with = for all 7 G F. 

Proof. Fix a distance on B^ . Then it is easy to see that for any r > there exists s > 
such that B^ C Br{0)r, where Bg is the s-ball in R^. Then 

X = dim(Sf : F) < dim(5^(0)r C 5^ : F) < dim(S^ : F) = X. 

Hence dimo(5r : F) = X. □ 

Remark 2.10. We have so far supposed that F has a bi-invariant Haar measure and a 
proper left-invariant distance. The values of mean dimension and local mean dimension 
depend on the choice of a Haar measure. But they are independent of the choice of 
a proper left-invariant distance on F. (We need the existence of a proper left-invariant 
distance on F for defining the notion "amenable sequence" . But this notion is independent 
of the choice of a proper left-invariant distance on F.) 
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2.3. The case of F = M. Let F = M with the Lebesgue measure and the standard 
distance. Suppose that M continuously acts on a compact metric space {X, d). For T > 0, 
consider the discrete subgroup TZ := {Tn G M| n G Z} in M. TZ also acts on X. We 
want to compare the mean dimensions of (X, M) and (X, TZ) . Here TZ is equipped with 
the counting measure. 

Proposition 2.11. 

dim(X : TZ) = Tdim(X : M). 
This result is given in [121 P- 329] and [m Proposition 2.7]. For any point p E X , 

dimp(X : TZ) = Tdimp(X : M). 

In particular, dimioc{X : TZ) = Tdim/oc(X : M). 

Proof. Set fi„ := {7 G ]R| < 7 < Tn} and Q'^ := Qn H TZ. {^n}n>i is an amenable 
sequence for M, and {f2'„}„>i is an amenable sequence for TZ. Let y C X be a closed 
subset. For 7 G TZ, rf^+^jj-, ■) < d^^fi^{-, ■). Hence, for any 5 > 0, Widim^(Y, d^^^i'^) < 
Widim^ {Y, ) . Therefore 

dim(y C X : TZ) < Tdim(y C X : M). 

For any e > there exists 6 > such that if d{x, y) < 5 then (i[o,2r)(a^5 u) < ^- Let a G M 
and set k := [a] (the maximum integer < a). If dkT+n'„{x,y) < S, then daT+n„{x,y) < e. 
Hence Widim^(y, (iaT+c„) < Widim5(y, ^T+n^)- This implies 

supWidim(,(F, ci^+n„) < sup Widims{Y,d^+n'J- 

Therefore Tdim(F C X : M) < dim(r C X : TZ). Thus 

(7) Tdim(F C X : M) = dim(F C X : TZ). 

In particular, if F = X, then dim(X : TZ) = Tdim(X : M). 

For any r > there exists r' > such that if d{x, y) < r' then (i[o,T)(a^, y) < Then if 
dTz{x,y) < r', we have dM.{x,y) < r. Hence Br'{p)Tz C Sr(p)R C Br{p)Tz- Therefore, by 
using the above ([7j), 

dim{Br'{p)Ti C X : TZ) = Tdim(S^/(p)Tz C X : M) < T dim{Br{p)w C X : M) 

< Tdim(5^(p)Tz C X : M) = dim(5^(p)Tz C X : TZ). 



Thus dimp(X : TZ) = Tdimp(X : M). 



□ 
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3. Outline of the proofs of the main theorems 

The ideas of the proofs of Theorem 11.11 and 11.21 are simple. But the completion of 
the proofs needs lengthy technical arguments. So we want to describe the outline of the 
proofs in this section. Here we don't pursue the accuracy of the arguments for simplicity 
of the explanation. Some of the arguments will be replaced with different ones in the later 
sections. 

First we explain how to get the upper bound on the mean dimension of Aid- We define 
a distance on A^^ by setting 

dist([A],[B]):= inf 1^2- "'t^\; ^LT^'^""^ I> 

where g runs over all gauge transformations of E, and \t\ < n means the region {{0,t) G 
5*^ X M| \t\ < n}. For i? = 1, 2, 3, ■ ■ ■ , we define C Rhy VIr := {s e R\ - R < s < R}. 
{^r}r>i is an amenable sequence in M. 

Let £ > be a positive number, and define a positive integer L = L{e) so that 

(8) ^2-"<e/2. 

n>L 

Let D = D{e) he a large positive number which depends on e but is independent of R, 
and set T := R + L + D . {D is chosen so that the condition (Q below is satisfied. Here 
we don't explain how to define D precisely.) 

For c > we define M(c) as the space of the gauge equivalence classes [A] where A is 
an ASD connection on E satisfying 

The index theorem gives the estimate: 

dim M(c) < 8c. 

We want to construct an e-embedding from (A^^^, distj^^) to M(c) for an appropriate 
c > 0. 

Let A he an ASD connection on E with [A] G Aid- We "cut-off" A over the region 
T < \t\ < T + 1 and construct a new connection A' satisfying the following conditions. 
A' is a (not necessarily ASD) connection on E satisfying A'||t|<T = A||f|<r, F{A') = 
over |t| > T + 1, and 

/ tr{F{Ar) < A / l^(^)l'^vol + const < ^^^'j^^^') + const, 

where const is a positive constant independent of e and R. Next we "perturb" A' and 
construct an ASD connection A" on E satisfying 

(9) \A- A"\ = \A' - A"\<e/A {\t\ < T - D = R + L), 
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/ \F{A")\^dvol = — / tr{F{A'Y) < ^ + const 



^7r2 



Then we can define the map 



Md-^Mi g^,^ ' + const j , [A] 



The conditions (jS]) and ([H]) imply that this map is an e-embedding with respect to the 
distance disto^. Hence 

..r. 1. V X V f2Td\ol(S^) \ 2Td^vo\(S^) „ 
Widim,{Md, distf^^) < dimM ( ^-^ — - + const j < ^ — - + 8 • const. 

(Caution! This estimate will not be proved in this paper. The above argument contains 
a gap.) Recall T = R + L + D. Since L, D and const are independent of R, we get 

... ,. Widim,(A<d,distf,^) rf2vol(53) 
Widims(A^rf : M) = lim — ^ < . 

Hence we get 

10 diuiiMd : ffi < ^ < +00. 

This is the outline of the proof of the upper bound on the mean dimension. (The upper 
bound on the local mean dimension can be proved by investigating the above procedure 
more precisely.) Strictly speaking, the above argument contains a gap. Actually we have 
not so far succeeded to prove the estimate dim(7Vlrf : M) < d'^\o\{S^) / ti"^ . In this paper 
we prove only (lim.{M.d : M) < +oo. A problem occurs in the cut-off construction. Indeed 
(we think that) there exists no canonical way to cut-off connections compatible with the 
gauge symmetry. Therefore we cannot define a suitable cut-off construction all over M.d- 
Instead we will decompose M.d as M.d = Uo<ii<Af-^'^,T'(^, j) is independent of e and 
R) and define a cut-off construction for each piece Aid,T{hj) independently. Then we will 
get an upper bound worse than flTUl) (cf. Lemma [2.31) . We study the cut-off construction 
(the procedure [A] [A']) in Section [71 In Section [H and [5] we study the perturbation 
procedure {A' A"). The upper bounds on the (local) mean dimension are proved in 
Section [HI 

Next we explain how to prove the lower bound on the local mean dimension. Let T > 0, 
E be a principal S'f/(2)-bundle over x (R/TZ), and A be a non-fiat ASD connection 
on E satisfying |-F(A)| < d. 

Let IT : X ^ S'^ X (M/TZ) be the natural projection, and set E := vr*(E) and 
A := 7r*(A). We define the infinite dimensional Banach space H\ by 

H\ := {a G n^{a,dE) \ {d\ + d\)a = 0, ||a||^oo < oo}. 

There exists a natural TZ-action on H\. Let r > be a sufficiently small number. For 
each a G H\ with lal^^oo < r we can construct d G Q^{a.dE) (a small perturbation of a) 
satisfying F+(A + d) = and \F{A + d)\ < d. If a = 0, then a = 0. 
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For n > 1, let 7r„ : S*^ x (M/nTZ) ^ x (M/TZ) be the natural projection, and set 
En := 7r*(E) and An := 7r*(A). We define as the space of a G f2(ad-E„) satisfying 
{d\^ + d\^)a = 0. We can identify with the subspace of H\ consisting of nTZ- 
invariant elements. The index theorem gives 

dimH\^ = 8nc2(E). 

We define the map from Br{H\) (the r-ball of H\ centered at the origin) to Aid by 

BriH\)^Md, a^[E,A + ~a\. 

(cf. the description of Aid in Remark 11.31 ) This map becomes a TZ-equivariant topo- 
logical embedding for r <^ 1. (Here Br{H\) is endowed with the following topology. A 
sequence {a„}„>i in Br{H\) converges to a in Br{H\) if and only if a„ uniformly converges 
to a over every compact subset.) Then we have 

dim[s,A](A^d : TZ) > dimo(S,(\/) : TZ). 

The right-hand-side is the local mean dimension of Br{H\) at the origin. We can prove 
that dimQ{Br{H\) : TZ) can be estimated from below by "the growth of periodic points": 

dimo{Br{H\) : TZ) > lim dimH\ jn = 8c2(E). 
(This is not difficult to prove. This is just an application of Lemma [2.11 ) Therefore 

dim[E,A]i-^d ■■ ^) = dim[E,A]iMd : TZ)/T > 8c2(E)/T = 8p{A). 
This is the outline of the proof of the lower bound. 

4. Perturbation 

In this section we construct the method of constructing ASD connections from "ap- 
proximately ASD" connections over X = x M.. We basically follow the argument of 
Donaldson [5]. As we promised in the introduction, the variable t means the variable of 
the M-factor of x R. 

4.1. Construction of the perturbation. Let T be a positive number, and d, d' be two 

non-negative real numbers. Set Eq = 1/(1000). (The value 1/(1000) itself has no meaning. 
The point is that it is an explicit number which satisfies iHM below.) Let £^ be a principal 
S'f/(2)-bundle over X, and A be a connection on E satisfies the following conditions (i), 
(ii), (iii). 

(i) T4 = over |t| > T + 1. 

(ii) T| is supported in {{e,t) G x M| T < |t| < T + 1}, and ||T|||t < Eq. Here 

is the "Taubes norm" defined below ( f|T7|) and f|T8l) ). ("T" of the norm ||-||rp comes from 
"Taubes", and it has no relation with the above positive number T.) 

(iii) |T^| < d on |t| < T and I-P'a ||loo(x) — (The condition (iii) is not used in Section 
EH 1121 1131 It will be used in Section ill) 
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Let Q^{adE) be the set of smooth self-dual 2-forms valued in a.dE (not necessarily 
compact supported). The first main purpose of this section is to solve the equation 
F+{A + d*^(p) = for G n+{adE). We have F+(A + rf^0) = + d\d*^(p+ {d*^(p Ad*^(p)+ . 
The Weitzenbock formula gives ([HI Chapter 6]) 

(11) d\d\<P = ^V\Va<P + - + F+ ■ 0, 

where S is the scalar curvature of X and is the self-dual part of the Weyl curvature. 
Since X is conformally flat, we have = 0. The scalar curvature S" is a positive 
constant. Then the equation F~^{A + d\(j)) = becomes 

(12) (V^iVa + 5/3)0 + 2F+ ■ + 2(ci;:i0 A d*^(f))+ = -2F+. 
Set Co = 10. Then 

(13) IF+-0I <co|F+|-|0|, |(ci:i0i Ad^02)+| <Co|Va0i| ■ |Va02|. 

(These are not best possible^) The positive constant = 1/1000 in the above satisfies 

(14) SOcoeo < 1- 

Let A = V*V be the Laplacian on functions over X, and g{x, y) be the Green kernel of 
A + S/3. We prepare basic facts on g{x, y) in Appendix IM Here we state some of them 
without the proofs. For the proofs, see Appendix lAl g{x,y) satisfies 

{Ay + S/3)g{x,y)=5M- 
This equation means that, for any compact supported smooth function 

^{x) = / gix,y){Ay + S/3)(p{y)dvo\{y), 



X 



where dvol{y) denotes the volume form of X. g{x,y) is smooth outside the diagonal and 
it has a singularity of order l/d{x,yY along the diagonal: 

(15) consti / d{x,yY < g{x,y) < const2/c?(x, y)^, {d{x,y) < consts), 

where d{x,y) is the distance on X, and consti, const2, consts are positive constants. 
g{x,y) > for X y (Lemma lA.ip . and it has an exponential decay (Lemma IA.2p : 



(16) < g{x, y) < consU ■ e'V ^/^'^^^'^^ (rf(x, y)>l). 

Since S"^ x R = SU{2) x M is a Lie group and its Riemannian metric is two-sided invariant, 
we have g{zx, zy) = g{xz, yz) = g{x, y). In particular, for x = (6*1, ti) and y = (6*2, ^2), we 
have g{{6i,ti - to), {62, ^2 - to)) = g{{6i,ti), {62, ^2)) (^o ^ ^)- That is, g{x, y) is invariant 
under the translation t ^ t — to- 



""^Strictly speaking, the choice of cq depends on the convention of the metric (inner product) on su{2). 
Our convention is: (A, B) = -tr{AB) for A,B e su{2). 
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For G Q^{adE), we define the pointwise Taubes norm |0|T(a;) by setting 

(17) |0|t(x):= / g{x,ymy)\dYol{y) (x G X), 

Jx 

(Recall g{x,y) > for x 7^ y.) This may be infinity. We define the Taubes norm ||{/)||rp by 



(18) ||(/)||t:=sup|0|t(x). 

xex 

Set 

K := g{x,y)dvo\{y) (this is independent of x G X). 
Jx 

(This is finite by ([15]) and ([16]).) We have 

II0IIt<^IHIloo. 

We define Q+{adE) as the set of G Q^{a.dE) which vanish at infinity: lim^-^oo 10(3^)1 = 
0. (Here x = {9,t) ^ 00 means \t\ +00.) If G fi+(ad_E')o, then ||0||rp < 00 and 
lima-^oo |0|T(a;) = 0. (See the proof of Proposition IA.7[ ) 

Let 7] G fl^{a.dE)o. There uniquely exists G i7+(adi?)o satisfying (V^Vyi + 5'/3)0 = rj. 
(See Proposition |A3) We set (V^Va + S/3)~^r] := 0. This satisfies 

(19) \4>{x)\ < \vW{^)i and hence 101^00 < \\ri\\T- 
Lemma 4.1. limj.^oo |Va0(x)| = 0. 

Proof. From the condition (i) in the beginning of this section, A is fiat over |t| > T + 1. 
Therefore there exists a bundle map g : -E'||t|>T+i X\t\>T+i x SU{2) such that g{A) is 
the product connection. Here X\t\>T+i = {ij^it) G S*^ x M| |t| > T + 1} and -E'||t|>T+i is 
the restriction of E to X\t\>T+i- We sometimes use similar notations in this paper. Set 
0' := (7(0) and rj' := g{ri). They satisfy (V*V + S'/3)0' = rj' . (Here V is defined by the 
product connection on X||f|>T+i x SU{2) and the Levi-Civita connection.) 

For \t\ > T + 2, we set Bf := x [t — l,t + 1). From the elliptic estimates, for any 

ees^ 

|V0'(^,t)|<C(||0'||^^(^^) + ||77'||^^(^^)), 
where C is a constant independent of t. This means 

|VA0(^^,t)| <C(||0||^^(^^) + ||r7||^^(^^)). 

The right-hand-side goes to as |t| goes to infinity. □ 

The following Lemma shows a power of the Taubes norm. (Here 77 G r2+(ad-E')o and 
= {V\Va + S/3)-'7] G Q+{adE)o.) 

Lemma 4.2. 



||Va0| \rj,ix) := / 5f(x,?/)|VA0(2/)| dvo\{y) < ||??||t l'7|T(a;). 
Jx 

In particular, || | Va0P||t ■= sup^j^j^ 1 1 Va0PIt (^) — II^IIt ^'^'^ IK'^a'/' '^a It — '^0 ||^ It 
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Proof. V|</)p = 2(Va0,0) vanishes at infinity (Lemma 14.11) . 

(A + 25/3)|0p = 2{V\Va<P + (S/3)0, 0) - 2\Va<P\' = 2{v, <p) - 2| V^0p. 

In particular, (A + S'/3)|0p vanishes at infinity (Lemma 14.11) . Hence |0p,V|0p, (A + 
S/S)!*/)!^ vanish at infinity (in particular, they are contained in L°°). Then we can apply 
Lemma [A. 31 in Appendix [XI to and get 

/ g{x,y){Ay + S/3M{y)\'dvo\{y) = \<l>{x)\'. 
Jx 

We have 

|V^0p = (r/,0)-^(A + 5/3)|0p-^|0p, 
<(r/,0)-i(A + S/3)|0|l 

Therefore 

j 9{x,y)\^A(piy)\'^dvo\{y) < j g{x,y){'q{y),(t){y))dvo\{y) -]^\(t){x)\^, 

< I 9{x,y)iv{y)A{y))dvo\{y), 

Jx 

< II^IIl- / 9{x,y)\viy)\dvol{y) <\\r]\\r^\ri\T{x). 

Jx 

In the last line we have used f|T9l) . □ 

For r]i,r]2 G l]+(adE)o, set 0^ := (V^V^ + S/3)-% G Q+{adE)o (z = 1,2) and 

(20) PiVuV2) ■■= {d\(t)i A d\(t)2Y + {d\(t)2 A d\(t)iY . 

P is symmetric and \P{rii,ri2)\ < 2co|Va0i| ■ |Va02|- In particular, [3{rji,r]2) G VL'^^a.dE)^ 
(Lemma 14. ip . 

Lemma 4.3. \(3{'qi,r]2)\^ < 4co ||?7i||.p ||772||t- 

Proof. From Lemma \\P{ri,ri)\\r^ < 2co ||?7||^. Suppose \\rii\\r^ = ||?72|It — ^- Since 
4/?(r/i, V2) = Pivi + V2, Vi + V2) - Pivi - V2, Vi - V2), 

4 \\P{vi,V2)\\t < 2co \\r]i + r]2\\^ + 2co \\r]i - 772!^ < 16co. 
Hence ||/3(?7i, ■?72)|It — 4co. The general case follows from this. □ 
For ri G fi+(adE)o, we set := (V^V^ + S/3)-^t] G ^]+(adE)o and define 
$(77) := -2F+ ■ 4> - P{r], r/) - 2F+ G l]+(adE)o. 
If ?7 satisfies rj = ^{rj), then satisfies the ASD equation f[T^ . 

Lemma 4.4. Forrii,r]2 G i7+(ad£')o, 

||$(r/i) - $(r/2)||T < 2co(||F+||^ + 2 ||r/i + r/2||T) ll^i - V2\\t ■ 
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^r]i) - $(772) = -2F+ ■ (01 - 02) + Pivi + V2, V2 - Vi)- 
From Lemma and ||0i — 02|lioo < Ihi — V2\\t (see flTIJl)). 

||<l>(r/i) - $(r/2)||T < 2co ||F+||^ ||0i - 02||loo + 4co fr^i + r^aix ll^i - ^sIt , 
< 2co(||F|||^ + 2 ||?7i + ?72||t) II'?! - '72|It • 

□ 

Proposition 4.5. The sequence {rin}n>o in- ^^{sidE)^ defined by 

r]o = 0, r]n+i = ^iVn), 
becomes a Cauchy sequence with respect to the Taubes norm ||-||rp and satisfies 

for all n > 0. 

Proof Set B := {rie Q+{adE)o\ \\r]\\^ < S^o}- For 77 G 5 (recall: \\F^\\^ < £0), 

< 2co ||F+||^ 101^^ + 2co Ml + 2 ||F+||^ , 

< 2coeo \\r]\\r^ + 2cq \ri\\ + 2eo, 

< (24coeo + 2)£o < S^o- 

Here we have used ( IT4l) . Hence $(^7) G -B. Lemma [4.41 implies (for ?7i,?72 G 5) 

\\^{rii) - $(r72)||T < 2co(||F|||t + 2 fr^i + r72||T) ll^i - ^2||t < 26coeo ||^i - ^?2||t • 

2Qcq£q < 1 by f|T^ . Hence ^ : B ^ B becomes a contraction map with respect to the 
norm ||-||rp. Thus rj^+i = ^{Vn) {Vo = 0) becomes a Cauchy sequence. □ 

The sequence 0„ G Q^{a.dE)Q {n > 0) defined by 0„ := (V^Vyi + S/3)^^rin satisfies 
\\4>n — (pm\\L<^ < ||'7n — "/^mllT- Heucc it bccomcs a Cauchy sequence in L°°(A+(ad£')). 
Therefore 0n converges to some (pA in {A^ (adE)) . (pA is continuous since every 0„ is 
continuous. Indeed we will see later that (pA is smooth and satisfies the ASD equation 
F+{A + d\(PA) = 0. 

We have r]n+i = $(r/n) = -2F+ ■ 0„ - 2{d\<f)n A d\<j)ny - 2F+. 



|2F+ ■ 0„|T(a;) < 2co ^ (^(x, 2/)|F+(y)||0„(y)|rfvol(y), 

< 2C0I-F4 |T(a^) 10 n II ^00 < 2co|F||T(a;) ||r7„||T • 
|2(ci^0„ A rf^0„)^|T(a;) < 2co ||r7„||T \r]n\T{x) (Lemmal^S)- 

Hence 

\rin+i\T{x) < 2co ||?7„||t 1-^1^(3;) + 2co ||?7„||t |r7„|T(a;) + 2|F||t(x). 
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Since ||?7„||t < Seq, 

IVn+iWix) < 6co€o\r]n\Tix) + {GcqEo + 2)|F||T(a;). 



< (6c.^o + 2)|FJ|tM ^ 3 

1 - 6co£:o 



By (H, 



Recall that is supported in {T < \t\ < T + 1} and that g{x, y) > for x ^ y. Set 
S(x) := g{x,y)dyo\{y) {x e X). 

JT<\t\<T+l 

Then |F4|t(x) < 5{x) \\Fa\\loc- Note that 5{x) vanishes at infinity because g{x,y) < 
const • e~"\/^'^*^'^'^^ for d{x,y) > 1. (See ( |T6l) .) We get the following decay estimate. 

Proposition 4.6. |0„(x)| < |77n|T(a;) < 35{x) ||i^l||^oo- Hence |0A(a;)| < 35{x) 
In particular, 0^ vanishes at infinity. 

4.2. Regularity and the behavior at the end. From the definition of we have 
(21) (V^Va + S/3)(Pn+i = Vn+i = -2F+ ■ - 2{d\(t)n A d\(t)ny - 2F+. 
Lemma 4.7. sup„>i ||VA0n||Loo < +oo. 

Proof. We use the rescaling argument of Donaldson ^5^ Section 2.4]. Recall that 0„ are 
uniformly bounded and uniformly go to zero at infinity (Proposition 14. 6p . Moreover 
||VA0n||Loo < oo for each n > 1 by Lemma WA\ Suppose sup„>i ||VA0n|lLoo = +oo. Then 
there exists a sequence ui < n2 < < ■ ■ ■ such that Rk := ||VA0nfc|lioo go to infinity 
and Rk > maxi<„<„^ ||Vyi0„||^oo. Since |Va0„| vanishes at infinity (see Lemma WA\\ . we 
can take G X satisfying Rk = |Vyi0„^(xfc)|. From the equation fl2T]) . |V^Vyi0nfe| < 
const A ■ Rk- Here "const a" means a positive constant depending on A (but independent 
of > 1). Let ro > be a positive number less than the injectivity radius of X. We 
consider the geodesic coordinate centered at Xk for each k > 1, and we take a bundle 
trivialization of E over each geodesic ball -B(xfc,ro) by the exponential gauge centered at 
Xk- Then we can consider 0^^. as a vector- valued function in the ball B{xk,rQ). Under 
this setting, satisfies 



(22) 



< const^ • Rk on B{xk, Tq) 



where {g^.-^) = {g{k),ij)~^ and g{k),ij is the Riemannian metric tensor in the geodesic coor- 
dinate centered at Xk- (Indeed S*^ x M = SU{2) x M is a Lie group. Hence we can take 
the geodesic coordinates so that g{k),ij are independent of k.) Set (j)k{x) := (pn^i.^ / Rk) - 
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4>k{x) is a vector- valued function defined over the ro-Rfe-ball in centered at the origin. 
<Pk {k > 1) satisfy |V0fc(O)| = 1, and they are uniformly bounded. From (122|) . they satisfy 



< const/i, 



where g^(l-^{x) = g^^^^{x/Rk). {^(fc)}fc>i converges to 5'^^ (the Kronecker delta) as A; ^ 
+00 in the C°°-topology over compact subsets in M^. Hence there exists a subsequence 
{<pki}i>i which converges to some in the C^-topology over compact subsets in M^. Since 
|V0fc(O)| = 1, we have |V0(O)| = 1. 

If {xki}i>i is a bounded sequence, then {(pki) has a subsequence which converges to 
a constant function uniformly over every compact subset because 0„ converges to 0^ 
(a continuous section) in the C°-topology (= L°°-topology) and Rk oo. But this 
contradicts the above |V0(O)| = 1. Hence {x^, } is an unbounded sequence. Since 0„ 
uniformly go to zero at infinity, {4>ki} has a subsequence which converges to uniformly 
over every compact subset. Then this also contradicts |V0(O)| = 1. □ 

From Lemma [4.71 and the equation (I2T]) . the elliptic estimates show that 0„, converges 
to (pA in the C°°-topology over every compact subset in X. In particular, 0^ is smooth. 
(Indeed 0^ ^ Q^{a.dE)Q from Proposition 14. 6[ ) From the equation (I2T!) . 

(23) {V\Va + S/3)<Pa = -2F+ ■ 0^ - 2{d\(f)A A ^^^10^)+ - 2F+. 

This implies that A + (i^0yi is an ASD connection. 

Lemma [4.11 shows lim^^^oo |Vyi0ri,(a;)| = for each n. Indeed we can prove a stronger 
result: 

Lemma 4.8. For each e > 0, there exists a compact set K d X such that for all n 

|Va0„(x)|<£ {xeX\K). 
Therefore, lim^j^oo \^ a4'a{,x)\ = 0. 

Proof. Suppose the statement is false. Then there are 5 > 0, a sequence ni < n2 < < 
• • ■ , and a sequence of points Xi, X2, X3, ■ ■ ■ in X which goes to infinity such that 

\VA<l)n,{Xk)\>S (fc = 1,2,3,- ■■)• 

Let Xk = {Ok,tk) E xM. = X. \tk\ goes to infinity. We can suppose \tk\ > T + 2. 

Since A is flat in \t\ > T + 1, there exists a bundle trivialization g : E\\t\yT+i 
X\t\yT+i X SU{2) such that g{A) is equal to the product connection. (Here X\t\yT+i = 
{{e,t) eS^xR\ \t\ > r + 1}.) Set 0'„ := c/(0„). We have 

(V*V + 5/3)0:, = -2(rf*0'„-i A rf*0Li)^ m>T + 1), 
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where V is defined by using the product connection on X\t\^T+i x SU{2). From this 
equation and Lemma [4 .Tj 

|(V*V + 5/3)0:^1 < const (|t|>T+l), 

where const is independent of n. We define ipk G T{S^ x (—1, 1), A+(8)su(2)) by ipk{0, t) : = 
<PnS^,tk + t). We have |(V*V + S/3)<^k\ < const. Since |0'„(x)| < 36{x) \\F^\\^^ and 
\tk\ +00, the sequence ipk converges to in L°°{S^ x (—1,1)). Using the elhptic 
estimate, we get in C\S^ x [-1/2,1/2]). On the other hand, \Vipk{9k,0)\ = 

\^ A(pnk{9k,tk)\ > 5 > 0. This is a contradiction. □ 

Set 

(24) r]A ■■= (V^Va + S/3)(j)A = -2F+ ■ (j)A - 2{d*^(f)A A rf^</.^)+ - 2F+. 

This is contained in Q'^{a.dE)o (Lemma l4.8p . The sequence r]n defined in Proposition 14.51 
satisfies 

r/„+i = -2F+ ■ - 2{d*A(j)n A d*A^X - 2F+. 

Corollary 4.9. The sequence rjn converges to rjA in L°° . In particular, \\rin — VaWt 
as n CO. Hence \\riA\\r^ < 3eo- ( Proposition \4-5{ ) 

Proof. 

Vn+l -VA = -'^Fa ■ i^n - (I)a) + 2{d\{(j)A - K) A d\(l)A + d*A(l)n A rf^((/'A - </>n)}"^- 

Hence 

\Vn+l - Va\ < 2co ll-^lll^oo \4>n - 0a|Loc + 2cq{\V A<Pn\ + | Va^A | ) | V^^yl - V A<Pn\- 

4>n 4>A in L°°{X) and in C°° over every compact subset. Moreover |VA0n| are uniformly 
bounded and uniformly go to zero at infinity (Lemma 14. 71 and Lemma 1^^ . Then the above 
inequality implies that \\rin+i — t]a\\l°° goes to 0. □ 

Lemma 4.10. IdA'^A^Aii.oo < oo. 

Proof. It is enough to prove \dAd*A4>A{(^,t)\ < const for \t\ > T + 2. Take a trivialization g 
of E over \t\ > T + 1 such that g{A) is the product connection, and set 0' := g{(pA)- This 
satisfies 

(V*V + S/3)(j)' = -2{d*(j)' A d*(f)')+ {\t\ > T + 1). 

Since |0'| and |V0'| go to zero at infinity (Proposition 14.61 and Lemma [4.8p . this shows 
(by using the elliptic estimates) that \dd*(j)'\ is bounded. □ 

Lemma 4.11. 

Recall that A is flat over \t\ > T + 1. Hence the right hand side is finite. (Indeed it is a 
non-negative integer by the Chern- Weil theory.) 
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Proof. Set a := and cs^(a) := -^tr{2aAFA + aAdAa'+^a'^)- We have -^tr{F {A + 

af)—^tr{F{Af) = dcsA{a). Since A+a is ASD, we have \F{A+a)\'^dvo\ = tr{F{A+af) 
and 

^ / tr{F{A + a)') - tr{F{Af) = [ csM - [ csA{a). 

J\t\<R J\t\<R Jt=R Jt=-R 

From Lemma 14.81 \a\ = \d\(j)A\ goes to zero at infinity. From Lemma I4.10[ \dACi\ = 
is bounded. Fa vanishes over |t| > T + 1. Hence |csA(a)| goes to zero at infinity. 
Thus the right-hand-side of the above equation goes to zero as R oo. □ 

4.3. Conclusion of the construction. The following is the conclusion of Sections 14.11 
and 14.21 This will be used in Sections [5] and [HI (Notice that we have not so far used the 
condition (iii) in the beginning of Section |4?T1 ) 

Proposition 4.12. Let T > 0. Let E be a principal SU{2)-bundle over X, and A he 
a connection on E satisfying F4 = {\t\ > T + 1), suppFj C {T < |t| < T + 1} and 
I-P'a ||rp < So = 1/1000. Then we can construct (pA ^ f2^(adi5^)o satisfying the following 
conditions. 

(a) A + d\(f)A is an ASD connection: F^{A + c?^0a) = 0. 
(b) 

/ \F{A + d\^A)\'dYo\ = ^^ [ tT{Fl). 

(c) \(t)A{x)\ < 36{x) ||i^l||^oo; where 6{x) = J^^^^^^j,^^g{x,y)dYo\{y). 

(d) TjA '■= (V^V^ + S/3)4>A is contained in fl~^{adE)o and WtiaWt ^ 3^o- 

Moreover this construction {E,A) (—> (pA is gauge equivariant, i.e., if F is another 
principal SU{2)-bundle over X admitting a bundle map g : E ^ F, then (f)g(A) = g{4'A)- 

Proof. The conditions (a), (b), (c), (d) have been already proved. The gauge equivariance 
is obvious by the construction of (pA in Section 14.11 □ 

4.4. Interior estimate. In the proof of the upper bound on the mean dimension, we 
need to use an "interior estimate" of (pA (Lemma 14. 141 below) . which we investigate in this 
subsection. We use the argument of Donaldson [5l pp. 189-190]. Recall that < ci on 
\t\ < T and ||j;^oo(x) — condition (iii) in the beginning of Section \AA\ We fix 
ro > so that tq is less than the injectivity radius of S*^ x M (cf. the proof of Lemma 14771) . 

Lemma 4.13. For any e > 0, there exists a constant 6q = 6Q{d,6) > depending only on 
d and e such that the following statement holds. For any G VL^{adE) and any closed 
r^-ball B contained in x [— T + 1, T — 1], if ip satisfies 

(25) (V:4Va + 5/3)0 = -2{d\(P A d\(py over B and Mlo^^^b) < ^0, 

then we have 

sup I VA0(a;)|(i(x, 9-8) <e. 
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Here d{x,dB) is the distance between x and dB. (IfT < 1, then x [— T + 1,T — 1] is 
empty, and the above statement has no meaning.) 

Proof. Suppose satisfies 

sup I Va0(x) |(i(a;, dB) > e, 



and the supremum is attained at Xq G -B (xq is an inner point of B). Set R := |VA0(a;o)| 
and t'q := d{xo,dB)/2. We liave 2rQ_R > e. Let B' be tlie closed rQ-ball centered at Xq. 
We liave |Va0| < 2R on B'. We consider tlie geodesic coordinate over B' centered at xq, 
and we trivialize the bundle E over B' by the exponential gauge centered at xq. Since A 
is ASD and \Fa\ < d over — T < t < T, the C^-norm of the connection matrix of A in 
the exponential gauge over B' is bounded by a constant depending only on d. From the 
equation ((251) and |Va0| < 2i? on B', 



where [g^^) = {gij) ^ and gij is the Riemannian metric tensor in the geodesic coordinate 



Since ^r'^R > e, is defined over the e/2-ball B{e/2) centered at the origin in W^, and it 
satisfies 



Here g^^{x) := g^^{x/R). The eigenvalues of the matrix {g"^^) are bounded from below 
by a positive constant depending only on the geometry of X, and the C^-norm of g^^ is 
bounded from above by a constant depending only on e and the geometry of X. (Note 
that R > e/{2r'Q) > £:/(2ro).) Then by using the elliptic estimate [9l Theorem 9.11] and 
the Sobolev embedding Ll{B{e/A)) ^ C'^'^/'^{B{e/A)) (the Holder space), we get 



Hence |V0(x) - V0(O)| < C\x\^^'^ on B{e/4). Set u := V0(O). From the definition, we 
have \u\ = 1. 



g^^didjcj) < constd^e ■ R^ over B', 



over B'. Here we consider as a vector valued function over B'. Set 0(x) := (f){x/R). 




ll0llci.i/2(ij(£/4)) < const, ■ ||0|L8(5(,/4)) <C = C{d,e). 




Hence 




Jo 



We can suppose C > 2/y^. Then u/C'^ G B{e/A) and 

|0(«/C^)- 0(0)1 >1/(3C2). 
If 101 < Sq < 1/(6C^), then this inequality becomes a contradiction. 



□ 



The following will be used in Section [HI 
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Lemma 4.14. For any e > there exists a positive number D = D{d,d',e) such that 

IMA</'A|lioo(53x [_T+D,T-D]) — ^• 

(If D > T , then x [— T + D ,T — D] is the empty set.) Here the important point is that 
D is independent ofT. 

Proof. Note that \d\(f)A\ < ^/3/2\V aM- We have \(j)A{x)\ < 3d'6{x) by Proposition |132] 
(c) (or Proposition 14.61) and 

6{x) = / g{x,y)dvo\{y). 

JT<\t\<T+l 

Set D' := D - tq. (We choose D so that D' > 1.) Since g{x,y) < const • g-v^^'f^'?^) for 
d{x, y) > 1, we have 

5{x)<C- e" v^^' for x e x [-T + D' ,T - D']. 

We choose D = D{d, d', e) > ro + 1 so that 

3d'Ce-V^^' < 6o{d,roe^/2/3). 

Here 5o{d, rge a/2/3) is the positive constant introduced in Lemma 14. 131 Note that this 
condition is independent of T. Then 0^ satisfies, for x & x [—T + D',T — D'], 

\Mx)\<W,roe^/2/3). 

(pA satisfies (V^Va + 5/3)0^ = -2(d^0A A dA0A)+ over |t| < T. Then Lemma KT^ 
imphes 

\VaMx)\ <£VV^ hi X e X [-T + D,T - D]. 

(Note that, for x E S'"^ x [-T + D,T - D], we have B{x,ro) C x [-T + D',T - D'] 
and hence |0a| < So{d, roe a/2/3) over B{x, tq).) Then, for x E S"^ x [—T + D,T — D], 

\d*AMx)\ < v^|VA0A(a:)| <£. 

□ 

5. Continuity of the perturbation 

The purpose of this section is to show the continuity of the perturbation construction in 
Section m The conclusion of Section [5] is Proposition [5]6l As in Section HI X = S^xM.,T > 
is a positive number, and E X is a. principal 5'f/(2)-bundle. Let p be a fiat connection 
on E\\t\>T+i- {E\\t\>T+i is the restriction of E to X\t\>T+i = {{0,t) e S^xR\ \t\ > T+ 1}.) 
We define A' as the set of connections A on E satisfying the following (i), (ii), (iii). 

(i) A||t|>r_,_i = p, i.e., A coincides with p over |t| > T + 1. 

(ii) Fj" is supported in {{6, t) e x R\T < \t\ < T + 1}. 

(iii) <eo = 1/1000. 
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By Proposition 14.121 for each A e A', we have 0^ G Q^{a.dE)o and r]A = (V^^V^ + 
3/3)4) A ^ f2^(ad-E)o satisfying 

(26) r]A = -2Fi-(l)A-2{d*A<PAAd\(l)Ay -2Fi, ir^AlT < S^o- 

The first equation in the above is equivalent to the ASD equation F^{A + d\(f)A) = 0. 
Since 0a = (V^Va + S/3)-'^r]A, we have (([19]) and Lemma H^D 

\\4>a\\loo < WvaWt < Seo, IIIVa^aHIt - H^^Ht ^ 9^o- 
Then (by the Cauchy-Schwartz inequahty) 

||Va0a||t := sup / g{x, y)\V A4>A{y)\dvo\{y) < 3eoVK, 

where K = g{x,y)dvol{y). (The value of K is independent of a; G X.) 

Let A,B& A'. We want to estimate ||0a — 4>b\\loo- Set a := B — A. Since both A and 
B coincide with p (the fixed fiat connection) over |t| > T + 1, a is compact-supported. 
We set 

\\^\\c\ •= + • 

We suppose 

llaLi < 1. 

II IIU^ 

Lemma 5.1. — 0b|Iloo < \\riA — Vb\\t + const ||a||^i , where const is an universal con- 
stant independent of A,B. 

Proof. We have t]a = (V^Va + S/3)(f)A and 

r]B = (V^jVs + S/3)(j)B = {V*aVa + S/3)(j)B + (V» * 0^ + a * Vb0b + a * a * 0b, 
where * are algebraic multiplications. Then 

\\<Pa-<Pb\\l^ < \\iV*AVA + S/3){<PA-<pB)\\T, 

< Wva - '7ij|lT + const (||VAa||^oo ||0b||t + Mlo. Wb<Pb\\t + ll«lli°o II0sIIt) ' 

< ||?7a — VbWt + const ||a|||^i^ . 

□ 

Lemma 5.2. 

||((i^0A A d\(l)Ay - {d*^(l>B A (iB^ij)^!^ - Q + Mc\j Wva - Vb\\t + const ||a||^i . 

Proof. 

{d\(PAAd\(t)Ay - {d*j^(pB A c?*s0b)+ = 

{d*A(PA A d\(PAY - {d\<PB A c?^0b)+ + (rfA</>B A d\(j)By - {dB(j)B A d%(j)By . 

{I) (11) 
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We first estimate the term (//). Since B = A + a, 

{d\(f)B A (a * + ((a * 0b) A d\(f)By + ((a * 0b) A (a * 0b))+. 

||(-?^-?^)|It < const ||Va0b|It II«IIl°° + co^s* ll'/'-Bllioo , 

< const ■ ||Va0b||x Ikllioo + const ■ ||a||^oo • 

We have 

||Va0b||t = ||Vb0b + a * 0b||t < ||Vb0s||t + const \\a\\^oo ||0b||loo < const. 

Hence ||(J/)||rp < const lal^^oo- 

Next we estimate the term (J). For 771,772 G ^7+(adi?)o, set 0i := (V^Vyi + S/?>)^^rji G 
l]+(adE)o = 1,2), and define (see ([20D) 

(3a{vi,V2) ■■= {d\<Pi A d\<P2y + (c?:^02 A rf^0i)+. 

Set is ■= (V^Va + ^/3)0B = 7/B + (V^a) * 0b + a * Vb0b + a * a * 0b. Then (rf^0B A 
rf:i0s)+ = ^A{iB, ^b)/2 and (/) = {Pa{va, Va) - Mv'b, v'b))/'^ = Mva + v'b, Va - Vb)/"^- 
From Lemma [4. 3 [ 

\\iI)\\^<2Co\\VA+V'B\\T\\VA-V'B\\T- 

Wva + v'bWt ^ Wva + '7b|It+II'7b - Vb\\t < 6eo+const ||a||^i , and \\r]A - v'bWt ^ i^^ " Vb\\t+ 
const WclWqi ■ From f|T^ . we have 12co£:o ^ 1/4. Then 



< ^- + const It^a — ''7b It + const || 



□ 

We have = + d~^a + (a A a)"*". Recall that we have supposed \\a\\^i < 1. Hence 

\Fb — F^\ < const ||ci||0i . 
Proposition 5.3. There exists 6 > such that if \\a\\^i < 6 then 

Wva -Vb\\t< const || 

Proof. From fl2Bl) . 

Va-Vb= 2(F+ - F+) ■ 0B + 2F+ ■ (0B - 0a) 

+ 2((rf:;,0B A d*B(j)BV - {d\<PA A d\<PA)^) + 2(F+ - F+) 
Using ||0b|Iloo < 3^0! ||-^a ||t - ^0 ^^"^ Lemma 

I^A - ?7b|It ^ const ||a||^i^ + 2coeo ||0a - 0i?||Loo + Q + const ||a||ci ^ Iva - VbIt ■ 



Using Lemma [5. H 



lA - VbIt: < const \a\^i^ '^^^^^ \°'\c\ + 2co£:o^ ||^^ - '7b|It • 
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From f|T^ . we can choose 5 > so that if ||a||^^ < 6 then 



^- + const ||a|||^i^ + 2co£:o^ < 3/4. 



Then we get 

Wva - VbWt < const ||a|||.i + (3/4) \\r]A - r]B\\rj^ ■ 
Then \\riA — Vb\\t < const . □ 



From Lemma [5. H we get (under the condition ||a|||ji < 5) 

II0A - <Pb\\loo < i^A - Vb\\t + const ||a||^i < const ||a|||^i^ . 
Therefore we get the following. 

Corollary 5.4. The map 

(A', -topology) (f]+(ad^)o, |M|j^oc), (pA, 

is continuous. 

Let An (n > 1) be a sequence in A' which converges to A & A' in the C^-topology: 
\\An — ^\\c\ (n — > oo). By Corollary l5.4l we get \\4>a„ — (Pa\\l^ 0. Set a„ := An— A. 

Lemma 5.5. sup„>i || Va„0a„ Iloc < oo. (Equivalently, sup„>i || VA0yi„ Iloc < oo.) 

Proof. Note that |Va„0a„| vanishes at infinity (see Lemma l4.8p . Hence we can take a 
point e 5*^ X R satisfying |VA„0A„(a;„)| = \V aAaJIl'^- ||0a„ - ^aIIxoo ^ (n ^ oo), 
and ipAn uniformly go to zero at infinity (see Proposition l4. 121 (c) or Proposition l4.6l) . Then 
the rescaling argument as in the proof of Lemma [4.71 shows the above statement. □ 

Since {V*aWa^ + ^/3)0^„ = -2F+ ■ - 2{d*AjA^ A c^aJa^Y - 2F+^, 

sup ||V^„Va„0aJ^oc < oo- 

n>l 

We have V*AVA„<pAr. = V^Va0a„ + (V^a„) * 0a„ + * Va„</>a„ + * a„ * (j)A„. Hence 

sup ||V^Va0a,JIloo < oo. 

n>l 

By the elliptic estimate, we conclude that 0a„ converges to 0^ in over every compact 
subset. Then we get the following conclusion. This will be used in Section [HI 

Proposition 5.6. Let {An}n>i be a sequence in A' which converges to A & A' in the 
-topology. Then (f)A„ converges to (pA in the -topology over every compact subset in 
X. Therefore d*A^^(j)A„ converges to d\(j)A in the C'^ -topology over every compact subset in 
X . Moreover, for any n > 1, 

[ \F{An + d*AjA„)\'dYo\= [ \F{A + d*AM'dyol 

J X J X 

(This means that no energy is lost at the end.) 
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Proof. The last statement follows from Proposition 14.121 (b) (or Lemma [4. lip and the fact 
that for any A and B in A' we have 



/ tr(Fl) = / tr(F|). 
Jx J X 



This is because trF| - trF| = d(tr(2a A Fa + a A + |a^)) {a = B - A), and both A 
and B coincide with the fixed flat connection p over |t| > T + 1. □ 

6. "Non-flat" implies "irreducible" 

This section is short. But the results in this section are crucial for both proofs of the 
upper and lower bounds on the mean dimension. Note that the following trivial fact: if a 
smooth function m on M is bounded and convex [u" > 0) then m is a constant function. 

Lemma 6.1. If a smooth function f on S^xR is bounded, non-negative and sub-harmonic 
(Af < oj^, then f is a constant function. 

Proof. We have A = —d'^/dt^ + A53 where t is the coordinate of the M-factor of S''^ x M 
and A53 is the Laplacian of S^. 

dt^^ 



-— / f^d\o\ 

's3x{t} 



2dt'^ 



We have 














Of 




dt 



Then we have 

|V53/P + /(-A/) Uvol>0. 



2 

2 



Here we have used / > and A/ < 0. This shows that u{t) = fgi^^^y is a bounded 
convex function. Hence it is a constant function. In particular u" = 0. Then the above 
formula implies df /dt = V^s/ = 0. This means that / is a constant function. □ 

Lemma 6.2. If A is a U{1)-ASD connection on S''^ x M satisfying ||F4||^oo < 00, then A 
is fiat. 

Proof. We have F4 G . The Weitzenbock formula (cf. (fTTj) ) gives (V*V + 

S/3)Fa = 2d-d*FA = 0. We have 

A|FaP = -2\VFa\^ + 2{Fa,V*VFa) = -2\VFa\^ - {2S/3)\Fa\^ < 0. 

This shows that \Fa\'^ is a non-negative, bounded, subharmonic function. Hence it is a 
constant function. In particular A|F^p = 0. Then the above formula implies Fa = 0. □ 

Corollary 6.3. If A is a non-flat SU{2)-ASD connection on xM. satisfying \\Fa\\j;^oc < 
oo, then A is irreducible. 



^Our convention of the sign of the Laplacian is geometric; we have A = —d'^/dx\ — d"^ ldx\ ~ /dx^ - 



d'^/dxl on »4 
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This corollary will be used in the proof of the lower bound on the mean dimension. 
The following proposition will be used in the cut-off construction in Section [71 

Proposition 6.4. Let A be a non-flat SU{2)-ASD connection on S*^ x R satisfying 
\\Fa\\l<=^ < +00. The restriction of A to x {0} is irreducible. 

Proof. This follows from the above Corollary 16.31 and the result of Taubes [HI Theorem 
5]. Here we give a brief proof for readers' convenience. Note that the Riemannian metric 
on 5*^ X M is real analytic. (Later we will use Cauchy-Kovalevskaya's theorem. Hence the 
real analyticity of all data is essential.) Suppose y4|53x{o} is reducible. Fix p E and 
take a small open neighborhood Q G of p. Let e > be a small positive number. By 
using the Uhlenbeck gauge [221 Corollary 1.4], we can suppose that A is represented by a 
real analytic connection matrix over Q x [—e,e). Moreover, by using the (real analytic) 
temporal gauge (see Donaldson P, Chapter 2]), we can assume that the (real analytic) 
connection matrix of A over Q x {—e,e) is cit-part free and satisfies 

|A(t) = *sF{A{t))s, 

where A(t) := A|Qx{t} and F{A(t))3 is the curvature of A(t) as a connection over the 

3- manifold Q x {t}. *3 is the Hodge star on x {t}. 

Since A{0) is reducible, there exists a real analytic gauge transformation u ±1) over 
satisfying ti(y4(0)) = A(0). Set B := u{A) over Q x [—e,6). B is real analytic and 

satisfies 

^B{t) = *sF{B{t))s. 

A and B are both real analytic and satisfy the same real analytic equation of the nor- 
mal form with the same real analytic initial value ^4(0) = B{0). Therefore Cauchy- 
Kovalevskaya's theorem implies A = B = u{A). This means that A is reducible over an 
open set fl x [—e,e) C 5*^ x R. Then the unique continuation principle (see Donaldson- 
Kronheimer [3 Lemma 4.3.21]) implies that A is reducible all over x R. But this 
contradicts Corollary 16.31 □ 

7. Cut-off constructions 

As we explained in Section [3l we need to define a 'cut-off' of [A] G J^d- Section 17.11 is 
a preparation to define a cut-off construction, and we define it in Section 17. 2[ 
Let 6i > 0. We define 6[ = 6[{6i) by 



6[ := sup ( / g{x,y)dyo\{y) 



Since we have g{x,y) < const/ d{x,y)'^ (see f lTSl) and f|T6l) ) 



r r{oi) ' 

I g{x,y)dvo\{y) < const / rdr = const'-\/5i 
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\ g{x, y)dvo\{y) < const • ^i^^ = const y 6i. 

Hence 5[ < const (this calculation is due to O pp. 190-191]). In particular, we have 
6'i ^ as 5i ^ 0. For d > 0, we choose 6i = 6i{d) so that < 5i < 1 and 6[ = 6[{6i{d)) 
satisfies 

(27) (5 + 7rf + d'^)5[ < £o/4 = 1/(4000). 

The reason of this choice will be revealed in Proposition 17.61 

7.1. Gauge fixing on and gluing instantons. Let F := x SU{2) be the product 
principal S'f/(2)-bundle over S'^. Let be the space of connections on F, and Q be 
the gauge transformation group of F. Ass and Q are equipped with the C°°-topology. 
Set Bs3 := Ass/Q (with the quotient topology), and let vr : 833 be the natural 

projection. Note that the gauge transformations ±1 trivially act on As3. 

Proposition 7.1. Let d > 0, and A e As3 be an irreducible connection. There exist a 
closed neighborhood Ua of [A\ in 833 and a continuous map '■ '^~^{Ua) ^/{±1} 
such that, for any B G -k^^(Ua), [g] '■= ^a{B) satisfies the following, 
(i) g{B) = A + a with lal^^oo < 5i = Si{d). (61 is the positive constant chosen in the above 

(a) For any gauge transformation h of F, we have $^(/i(i?)) = [gh^^. 

Proof. Let £ > be sufficiently small, and we take a closed neighborhood Ua of [A] in 
Bs3 such that 

Ua C {[B] E Bs3 \ 3g: gauge transformation of F s.t. \\g{B) — A||^4 < e}. 

The usual Coulomb gauge construction shows that, for each B G 7r^^(f/^), there uniquely 
exists [g] G ^/{±1} such that g{B) = A + a with d^a = and ||a||j^4 < const ■ e. Since 
Lf{S^) ^ C°(S'^), we have ||a||^oo < const ■ e < 61 for sufficiently small e. We define 
^a{B) := [g]. Then the condition (i) is obviously satisfied, and the condition (ii) follows 
from the uniqueness of [g]. □ 

Proposition 7.2. Let d > 0, and be the product connection on F = x SU (2). There 
exist a closed neighborhood Uq of [0] in Bs3 and a continuous map $e • ^^^^iUe) — > Q 
such that, for any A G ti^^^Uq), g := $0(^4) satisfies the following. 

(i) g{A) = 6 + a with \a\^^ < 5i = 5i{d). 

(ii) For any gauge transformation h of F, there exists a constant gauge transformation h' 
ofF (i.e. h'{Q) = Q) such that ^eih{A)) = h'gh~\ 

Proof. Fix a point 60 G S^. Let e > be sufficiently small, and we take a closed neigh- 
borhood Uq of [6] in Bs3 such that 

Uq C {[A] G Bs3 \ 3g: gauge transformation of F s.t. \\g{A) — 0||^4 < e}. 
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For any A G tt^^IUq), there uniquely exists a gauge transformation g with g{6o) = 1 such 
that g{A) = 6 + a with = and ||a||^4 < const ■ e (< 6i). We set $e(^) '■= 9- The 
conditions (i) is obvious, and condition (ii) follows from ^Q{h{A)) = h{9Q)gh~^ (Here 
h{6o) is a constant gauge transformation. Note that {h{9o)gh'^){9o) = 1.) □ 

Recall the settings in Section [H Let d > 0. The moduli space A^^ is the space of 
all gauge equivalence classes [A] where A is an ASD connection on E := X x SU{2) 
satisfying < d. 

We define Kd C 833 by 

Kd := {[A|53x{o}] e Bss] [A] e Md}, 

where we identify E\s3x{o} with F. From the Uhlenbeck compactness [22l [23] , Aid is 
compact, and hence Kd is also compact. Proposition 16.41 implies that, for any [A] G A4d, 
A\s3x{o} is irreducible or a flat connection. (The important point is that Al^Sxjo} never 
be a non-fiat reducible connection.) 

Set Aq := Q (the product connection on F). There exist irreducible connections 
Ai,A2,---,An{N = N{d)) on F such that Kd C Int(f/Ao) U lnt{UAj U • ■ ■ U Int(f/Ajv) 
and [Ai] G Kd {0 < i < N). Here Int(f/Aj is the interior of the closed set intro- 
duced in Propositions 17.11 and I7.2[ Note that we can naturally identify Kd with the space 
{[A|53x{T}] £ ^s'A [A] G Aid} for any real number T because Aid admits the natural 
M- act ion. 

For the statement of the next proposition, we introduce a new notation. We denote 
F X M as the pull-back of F by the natural projection X = xM S^. So F x M is a 
principal 5'f/(2)-bundle over X. Of course, we can naturally identify F x M. with E, but 
here we use this notation for the later convenience. We define Aq as the pull-back of by 
the projection X = 5''^ x R ^ S^. (Hence Aq is the product connection on F x M under 
the natural identification F x = E.) 

Proposition 7.3. For each i = 1,2, ■ ■ ■ ,N there exists a connection Ai on F x M. satis- 
fying the following. (Recall < 5i < 1.^ 

(i) Ai = Ai over x [—61,61]. Here Ai (a connection on F x W) means the pull-back of 
Ai (a connection on F) by the natural projection X —* S^. 

(ii) F{Ai) is supported in x (—1, 1). 

||F+(A)|5,<|t|<i||^ < £0/4 = 1/(4000), where F+(A)|5,<|i|<i = F+(A) x ls,<\t\<i 
and lsi<:\t\<i is the characteristic function of the set {{0,t) & x M.\ 61 < \t\ < 1}. 

Proof. By using a cut-off function, we can construct a connection on F x M such that 
A[ = Ai over x [—61,61] and suppF(74-) C S*^ x (—1, 1). We can reduce the self-dual 
part of F{A'j) by "gluing instantons" to A'^ over 61 < \t\ < 1. This technique is essentially 
well-known for the specialists in the gauge theory. For the detail, see Donaldson [5l pp. 
190-199]. 
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By the argument of [5], pp. 196-198], we get the following situation. For any e > 0, 
there exists a connection Aj satisfying the following. Ai = A'- = Ai over |t| < 5i, and 
suppF(ii) C X (-1,1). Moreover = + F:^ over 6i < |t| < 1 such that 

\F^\ < e and 

1^2*" I < const, vol(supp(F2'")) < e, 

where const is a positive constant depending only on A'^ and independent of e. If we take 
e sufficiently small, then 



□ 



7.2. Cut-off construction. Let T be a positive real number. We define a closed subset 
Md,Tihj) C Md (0 < i,j < N = N{d)) as the set of [A] e Md satisfying [A|53x{t}] e 
f/4. and [AI^Sxj-T}] ^ Here we naturally identify Ft := -E|53x{r} and F^t '■ = 

E\s3x{-T} with F, and Ai {0 < i < N) are the connections on F introduced in the 
previous subsection. We have 

(28) Md= U MdAhj)- 

0<i,j<N 

Of course, this decomposition depends on the parameter T > 0. The important point is 
that N is independent of T. We will define a cut-off construction for each piece Aid,T{'i,j)- 
Let A be an ASD connection on E satisfying [A] G A4d,T{'i,j)- Let m+ : E\t>T — ^ 
Ft X [T, +00) be the temporal gauge of A with u+ = id on E\s3x{t} = Et- (See Donaldson 
P, Chapter 2].) Here E\t>T is the restriction of E to x [T, +00), and Ft x [T, +00) is 
the pull-back of Ft by the projection S*^ x [T, 00) ^ S*^ x {T}. We will repeatedly use 
these kinds of notations. In the same way, let : E\t<-T — ^ F^t x (—00, —T] be the 
temporal gauge of A with U- = id on E\ssx{-t} = -E-t- We define A{t) {\t\ > T) by 
setting A{t) := u+(A) for t > T and y4(t) := n_(A) for t < -T. A{t) becomes cit-part 
free. Since A is ASD, we have 

(29) ^ = *3F(A(t))3, 

where *3 is the Hodge star on S'^ x {t} and F(A(t))3 is the curvature of A{t) as a connection 
on the 3-manifold x {t}. 

We have [A{T)] e Ua, and [A{-T)] e Ua^ By using Propositions O and O, we 
set [g+] := <I>a,(A(T)) if z > and g+ := <^q{A{T)) if z = 0. (If i > 0, the gauge 
transformation is not uniquely determined because there exists the ambiguity coming 
from ±1. For this point, see Lemma [7.41 and its proof.) In the same way we set [(?_] : = 
^Aj{A{-T)) if j > and g- := $0(y4(-T)) if j = 0. We consider g+ (resp. g-) as the 
gauge transformation of Ft (resp. F^t)- They satisfy 

(30) \\9+{A{T)) - A,\\^^ < 5i, \\g^{A{-T)) - A,\\^^ < 5i. 
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We define a principal S'[/(2)-bundle E' over X by 

E' := E\iti^T+5,/4 UEtX (T, +oo) U E_t x (-00, -T)/ ~, 

where the identification ~ is given as follows. E\\t\<:T+5i/4 is identified with Ex x (T, +00) 
over the region T < t < T + Si/i by the map g+ o u+ : E\T<t<T+Si/4 Ex x (T, T + 
(5i/4). Here we consider as a gauge transformation of Ex x (T, T + 5i/4) by (7+ : 
Et X (T,T + 5i/4) ^ Et X {T,T + (5i/4), ^ {g+{p),t). Similarly, we identify 

-E||i|<T+<5i/4 with E^T X (— 00, — T) over the region — T — 5/4 < t < — T by the map 
o n_ : i;|_T-5i/4<t<-T ^ E^T X (-T - 5i/4, -T). 

Let p(t) be a smooth function on R such that 0<p<l, p = {\t\ < 5i/4), p = 1 
> 3(5i/4) and 

Ip'I < 4/5i. 

We define a (not necessarily ASD) connection A' on as follows. Over the region 
\t\ < T + 61/4 where E' is equal to E, we set 

(31) A' := A on E\it\<T+5,/4- 
Over the region t > T, we set 

(32) A' ■.= {!- pit- T))g+iAit))+p{t-T)\T on x (T, +00), 

where Aj ^ is the pull-back of the connection Aj introduced in the previous subsection (see 
Proposition [7[3]) by the map t t~T. So, in particular, Ai^T = Ai over T—5i <t< T+5i 
and F{Ai^T) = over t > T + 1. ([32]) is compatible with (ED) over T < t < T + 6i/4 
where p{t — T) = 0. In the same way, over the region t < — T, we set 

A' := (1 - p{t + T))g^{A{t)) + p(t + T)Aj- _t on E^t x (-00, -T). 

We have -F(A') = (|t| > T + 1). Then we have constructed (£", A') from A with 
[A] e A<d,T(«,j)- 

Lemma 7.4. T/ie gauge equivalence class of {E', A') depends only on the gauge equiva- 
lence class of A. 

Proof. Suppose [A] G A^d,r(0, 1). Other cases can be proved in the same way. Let 
h : E E he a gauge transformation and set B := h{A). Let {E'^, A') and {E'^,B') 
be the bundles and connections constructed by the above cut-off procedure form A and 
B, respectively. Let u±^a and u±^b be the temporal gauges of A and B over t > T 
OT t < —T. We have u±^b = h±T o u±^a ° h^^ where h±T '■= h\t=±T on E±t- Set 
g+,A ■■= $e(A(T)) and g+^B ■= $e(5(T)) = <l'e(/iT(A(T))). From Proposition E2](ii), we 
have g+^B = h' g^ ^h^^ , where h' is a constant gauge transformation of E^ {h'{Q) = O). 
Set [g^^A] ■■= $Ai(A(-T)) and [g_,B] ■= $a,(5(-T)) = <I>a, (/i_t(A(-T))). We have 
g-^B = ±5'-,A^Ir- We define a gauge transformation g : E'^ by the following way: 

Over the region \t\ < T + 5i/4, we set g := h on Elm^T+Si/A- Over the region t > T, we set 
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g := h' on x (T, +cxd). Over the region t < —T, we set g := ±1 on E_'r x (—00, — T). 
We have g{A') = B'. Indeed, over the region t > T, 

h'iil - p)g+AMt)) + P0) = (1 - p)9+,BiBit)) + pQ, (p = Pit - T)), 

because h! g^ A^+^A = g+,BU+^Bh and h'{Q) = 6. □ 

Lemma 7.5. 

< 5 + 7rf + rf2 on T < |t| < T + (5i. 

Proof. We consider the case T < t < T + (5i where Ai^x = ^j- We have A' = (1 — 
p)^+(A(t)) + pAi, p = p{t-T). Set a := - g+{A{t)). Then A' = + pa. We 

have 

F+(A') = {p'dt A a)+ + ^iF{Ai) + *3F{Ai) A c/t) + (p^ - p)(a A a) + . 

We have \F{Ai)\ < d and |p'| < 4/5i. From ([30]), \Ai - g+{A{T))\ < Si. From the ASD 
equation ([29]) and \F{A)\ < d, \A{t) - A{T)\ < d\t - T\ < d6i. Hence 

(33) \a\ < \A, - g+{AiT))\ + \g+{A{T)) - g+{Am < (1 + d)6i {T<t<T + 5^). 

Therefore, for T < t < T + 5i, 

|F+(A')| <A{l + d) + d+(l + df = h + 7d + d^. 

□ 

Proposition 7.6. F{A') = over \t\ > T + 1, and F^{A') is supported in {T < \t\ < 
T+1}. We have \F{A')\ < d over \t\ < T, and 



(34) 



|F+(A')|U < d', \\F^iA')\L <eo = 1/(1000), 



where d' = d'{d) is a positive constant depending only on d. Moreover 

2Td\ol{S^) 



^ I tr{F{Af) <^J \F{A)\'dyo\ + CM < 
Stt- Jx 8tt^ J\t\<T 

Here Ci{d) depends only on d. 



+ Ci{d). 



Proof. The statements about the supports of F{A') and F^{A') are obvious by the con- 
struction. Since A' = A over |t| < T, |F(A')| < d over \t\ < T. We have A' = Ai^T for 
t > T + 6i and A' = Aj^^t for t < —T — 6i. Hence (from Lemma [7.51) 



|F+(A')||^^ < d' ■.= max{5 + 7d + d'^ 



F^{A2 



F+(i 



F^A,] 

By using Lemma [775] ([27]) and Proposition 17.31 (iii) (note that g{x,y) is invariant under 
the translations t ^ t — T and t ^— t + T), 

||F+(A')||t < 2(5 + 7d + d^)6[ + £o/2 < So- 

We have A' = A over |t| < T and 

F{A) = (1 - p)g+ o M+(F(A)) + pF{Ai) + p'dt A a + (p^ - p)a^ 
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over T < t < T + 6i. Hence < const^ over T < \t\ < T + 5i by using (l33l) . Then 



7.3. Continuity of the cut-off. Fix < i,j < N. Let [A„] (n > 1) be a sequence in 
Aid,T{hj) converging to [A] G A4d,T{hj) iii the C°°-topology over every compact subset in 
X. Let [E'^, A'„] (respectively [E', A']) be the gauge equivalence classes of the connections 
constructed by cutting off [A„] (respectively [A]) as in Section n72[ 

Lemma 7.7. There are gauge transformations hn '■ E'^ E' {n ^ 1) such that /i„(A'„) = 
A' for \t\ > T + 1 and /i„(A'„) converges to A' in the C°° -topology over X . (Indeed, we 
will need only -convergence in the later argument) 

Proof. We can suppose that An converges to A in the C°°-topology over |t| < T + 2. Let 
u+^n '■ E\t>T Et X [T,+oo) (resp. u+) be the temporal gauge of A„ (resp. A), and 
set An{t) := M+,„(A„) and A{t) := u+{A) for t >T. We set [g+^n] ■= ^Aii^n{T)) and 
[g+] := $A,(^(r)) if ^ > 0, and we set := $e(A„(T)) and (7+ := $e(^(T)) if 2 = 0. 

M+^n converges to m+ in the C°° -topology over T < t < T + 1, and we can suppose that 
g+^n converges to g+ in the C°°-topology. Hence there are Xn € T{S^ x [T, T + 1], adi^r x 
[T, T + 1]) {n ^ 1) satisfying g+ o u+ = e^"g+^n ° Xn ^ in the C°°-topology over 
T < t < T + 1. Let he a. smooth function on X such that 0<ip<l, ip = l over 
t<T + 6i and(p = over t > T + 1. We define hn : E'^ ^ E' {n > 1) as follows. 

(i) In the case of \t\ < T -\- (5i/4, we set /i„ := id : -E — > E. 

(ii) In the case of t > T, we set hn := e^>^" : x (T, +00) ^ x (T, +00). This is 
compatible with the case (i). 

(iii) In the case of t < — T, we define hn : -E'-t x {—00, — T) — > iJ-T x (—00, — T) in the 
same way as in the above (ii). 

Then we can easily check that these hn satisfy the required properties. □ 



8.1. Proof of dim(A^d : M) < 00. As in Section [H E = X x SU{2) and Md {d > 0) 
is the space of all gauge equivalence classes [A] where A is an ASD connection on E 
satisfying ||F(A)||^oo < d. We define a distance on as follows. For [A], [B] G Aid, we 
set 



where g runs over all gauge transformations of E, and |t| < n means the region {{6,t) G 
X M| |t| < n}. This distance is compatible with the topology of Aid introduced in 
Section [TJ For R = 1, 2, 3, ■ ■ ■ , we define an amenable sequence C M by Qr = {s G 



the last statement can be easily proved. 



□ 



8. Proofs of the upper bounds 




R\ -R<s<R}. We define distn^([A], [B]) as in Section [2H i.e., 

disto«([A], [B]):= sup dist([s*A], [s*B]), 
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where s*A is the pull-back of A by s : E ^ E. 

Let e > 0. We take a positive integer L = L{e) so that 

(35) 5^ 2- < 5/2. 

n>L 

We define D = D{d,d',e/4) as the positive number introduced in Lemma 14.141 where 
d' = d\d) is the positive constant introduced in Proposition 17.61 We set T = T(i?, rf, e) = 
R + L + D>0. 

We have the decomposition J\4d = [Jo<i j<N ■^d,T{h j) = ^{d)) as in Section [721 
Md,T{i,j) is the space of [A] G Md satisfying [A|53x{t}] e Ua, and [A|53x{-r}] e Ua^ 
Fix < i,j < N. Let A be an ASD connection on E satisfying [A] G M.d,T{h j)- 
By the cut-off construction in Section 17.21 we have constructed {E', A') satisfying the 
following conditions (see Proposition 17.61) . E' is a principal S't/(2)-bundle over X, and 
A' is a connection on E' such that -F(A') = for \t\ > T + 1, F~^{A') is supported in 
{T < |t| < T + 1}, and that 

||F+(AO||^ < 50, ||F+(AO|L. < d', ||F(AO||^.(|,|<^) < d. 
We can identify E' with E over |t| < T + 5i/4 by the definition, and 

(36) A'\\t\<T+5j4 = A\\t\<T+Si/4- 

{E',A') satisfies the conditions (i), (ii), (iii) in the beginning of Section l4?n Therefore, 
by using the perturbation argument in Section H] (see Proposition 14.12^ . we can construct 
the ASD connection A" := A' + d\,(j)A' on E' . By Lemma I^TTH 

(37) \A- A'\ = \A - A'\<e/A {\t\ <T - D = R + L). 
From Proposition 17.61 and Proposition 14.121 (b). 

l'^2^ 



(3J 



where Ci{d) is a positive constant depending only on d. Since the cut-off and perturbation 
constructions respect the gauge symmetry (see Proposition 14.121 and Lemma 17.41) . the 
gauge equivalence class [E', A"] depends only on the gauge equivalence class [A]. We set 
F,,([A]):= [E',A"]. 

For c > 0, we define M(c) as the space of all gauge equivalence classes [E, A] satisfying 
the following, ii^ is a principal 5'f/(2)-bundle over X, and A is an ASD connection on E 
satisfying 

T , ,9 

Fa dvo\ < c. 



X 



The topology of M(c) is defined as follows. A sequence [En, An] G M(c) {n > 1) converges 
to [E, A] G M(c) if the following two conditions are satisfied: 
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(i) |F(A„)pdvol = |F(A)|2dvol for n > 1. 

(ii) There are gauge transformations Qn '■ E [n ^ 1) such that for any compact set 
K C X we have ||5'n(y4„) — y4||^o(;^) — > 0. 

Using the index theorem, we have 

(39) dimM(c)<8c. 

Here dim M(c) denotes the topological covering dimension of M(c). By ( l38l) . we get the 
map 

F,, : MM^.J) - M (^^^^^ + C^{d)^ , [A] ^ [E\ A"]. 

Lemma 8.1. For [Ai] and [A2] in Md,T{i,j), if Fij{[Ai]) = Fij{[A2]), then 

distn«([Ai], [A2]) < e. 

Proof. From (l36ll and ( |37j) . there exists a gauge transformation g of E defined over |t| < 
T+Si/A such that A2I < e/2 over |t| < R+L. There exists a gauge transformation 

g of E defined all over X satisfying g = g on \t\ <T = R + L + D. Then we have 
l^(Ai) - A2I < e/2 on \t\<R + L. For s e ^Ir (i.e. |s| < i?), by using ([35]), 

L 

< ^ 2-" (e/2) + J2 2"" < + £/2 = £. 



n=l n>L 



Lemma 8.2. The map Fij : Aid,T{i,j) M ( ^^-^-^^^^ + Ci{d)j is continuous. 



□ 

\ 87r2 

Proof. Let [A„] G Md,T{i,j) be a sequence converging to [A] G M.d,T{i,j)- From Lemma 
17. 7[ there are gauge transformations /i^ : E'^ E' {n 1) such that hn{A'^) = A' 
over \t\ > T + 1 and that /i„(A'„) converges to A' in the C°° -topology over X. Since the 
perturbation construction in Section H] is gauge equivariant (Proposition I4.12[) . we have 

(^;', /i„(a;) + )) = ih^iE'j,h^iA:)). 

From Proposition 15. 6[ )4>h„{A'„) converges to d\,(pA' in the C°-topology over every 

compact subset in X and 

/ \F{hn{A'J + dl^(^^,j4>h„iA',,))\^dYo\= I \F{A' + d%(PA')\^dYo\ forn>L 
Jx J X 

This shows that the sequence [E'^^ A'^] = [E', hn{A'^) + d*^^^^' )<Phn{A'j] (n > 1) converges 

to [E', A"] = [E', A' + d%<PA'] in Mt (^^^^^I^ + Ci(rf)) . □ 
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From Lemmas 18.11 and I8.2[ Fij becomes an e-embedding with respect to the distance 
distn^. Hence 

V 8^ 

Since A4d = [Jq^i j^j^^ ■Md,T{h j) (each Jvi^r^i^i^j) is a closed set), by using Lemma] 
we get 



Widim,(^1rf,T(^,J),dist^,J < dimM ( + Ci(rf) 



Widim,(A1rf,distf,J < {N + lf ^imM {^^^^^^^ + Ci{d)^ + {N + lf - I. 



From (1391) and T = + L + 

Since = N{d), L = L{e), D = D{d,d'{d),e/A) are independent of R, we get 

R-^oo 1 I TT^ 

This holds for any e > 0. Thus 



dim{Md : K) = lim Widim,(A^rf : R) < + l)'c?'vol(g=^) ^ 
8.2. Upper bound on the local mean dimension. 

Lemma 8.3. There exists ri = ri{d) > satisfying the following. For any [A] G Aid 

and s G M, there exists an integer i {0 < i < N) such that if [B] G Aid satisfies 
distR([A], [B]) < ri then 

[B\s3x{s}] e Ua,- 



Here we identifies £?|s3x{s} with F, and Ua, is the closed set introduced in Section \7J 
Recall distM([A], [B]) = sup^g^ dist([s* A], [s*B]). 

Proof. There exists ri > (the Lebesgue number) satisfying the following. For any 
[A] G Aid, there exists i = i{[A]) such that if [B] G Aid satisfies dist([A], [B]) < ri then 
[S|53x{o}] e UAi- If distK([A], [B]) < ri, then for each s G M we have dist([s*A], [s*B]) < 
Ti and hence 

[-B|53x{s}] = [{s*B)\s:ix{0}] G Ua,, 

for i = i{[s*A]). D 

Lemma 8.4. For any e' > 0, there exists = ^2(5') > such that if [A] and [B] in Aid 
satisfy distR([A], [B]) < r2 then 

\\\F{A)\'-\F{B)\'l^^^^<e'. 
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Proof. The map Aid 3 [A] ^ G C^{S^ x [0, 1]) is continuous. Hence there exists 

r2 > such that if dist([A], [B]) < r2 then 

|||F(A)P-|F(B)n|,.(,3.[o,i])<^' 
Then for each s G M, if dist([s*A], [s*B]) < r^, 

Therefore if distiR([A], \B\) < r2, then \\\F{A)\'^ - < e'. □ 

Let [A] G Aid, and e,e' > be arbitrary two positive numbers. There exists Tq = 
To ([A], e') > such that for any Ti > Tq 



V / \F{A)\'dYo\ < p{A) + e'/2. 



r{d,e') = min ^i{d),r2 ^- 



Svr^Ti tm J s'ix[t,t+Ti] 

The important point for the later argument is the following: We can arrange Tq so that 
Toils* A], e') = To([A],e') for all s G R. We set 

V0l(S3) 

where ri(-) and r2(-) are the positive constants introduced in Lemmas 18.31 and 18.41 By 
Lemma [mi if [B] G i?r([A])]R (the closed ball of radius r centered at [A] in A^^ with 
respect to the distance distig), then for any Ti > Tq 

(40) ^sup / \F{B)\'dYo\<p{A)+e'/2 + e'/2 = p{A)+e'. 

We define positive numbers L = L{e) and D = D{d,d'{d),e/4) as in the previous 
subsection. (L = L{e) is a positive integer satisfying fl35|) . and D = D{d, d'{d),e/A) is the 
positive number introduced in Lemma [4.141 ) Let R be an integer with R > Tq, and set 
T := R + L + D . By Lemma [8.31 there exist i,j (0 < i,j < N) depending on [A] and T 
such that all [B] G -Br([A])K satisfy [S|53x{t}] G and [-B|s3x{-t}] ^ Ua^ (That is, 

Br{[A])uCMd,T{hj)-) 

As in the previous subsection, by using the cut-off construction and perturbation, for 
each [B] G S^([A])m we can construct the ASD connection [E',B"]. By ([38]), and 
T>To, 

-i- / \FiB")\'dYol < ^ / \FiB)\^dYo\ + Ci{d) < 2T{p{A)+e') + C,{d), 

where Ci{d) depends only on d. Therefore we get the map 

fi,([A])K-^M(2T(p(A)+£') + Ci(rf)), [B] ^ [E',B"]. 

This is an e-embedding with respect to the distance dist^^ by Lemmas 18.11 and 18. 2[ 
Therefore we get (by (!39|) ) 

Widime(5,([A])iR,distf,^) < 16T(p(A) + e') + 8Ci{d), 



INSTANTON APPROXIMATION, PERIODIC ASD CONNECTIONS, AND MEAN DIMENSION 39 

for R > To([A],£:') and r = r{d,e'). As we pointed out before, we have To([s*A], £:') = 
To([A],£:') for s G M. Hence for all s G M and R > Tq = To([A],e'), we have the same 
upper bound on Widime(_Br([s*A])iR, dist^^). Then for R > Tq, 

supWidim,(5,([s*A])K,disto«) < 



I ■■ tv— J VL" --J/JK,5 — -"liii/ — DD 

T = R + L + D. L = L{e) and D = D{d, d'{d),e/A) are independent of i?. Hence 
Widim,(5,([A])ffi C A^d : M) = lim ( sup Widim,(5,([s*A])M, dist^^; 

<8{p{A)+e'). 

Here we have used ([6]). This holds for any e > 0. (Note that r = r((i, e') is independent 
of e.) Hence 

dim(5,([A])M C : M) = lim Widim,(5,([A])M C A<d : M) < 8(p(A) + £')• 

e^O 

Since dim[A](A^d : M) < dim{Br{[A])^ C A<d : K), 

dim[A](7Wd:K) <8(p(A)+£')- 
This holds for any > 0. Thus 

dimiA]{Md : M) < 8p(A). 
Therefore we get the conclusion: 

Theorem 8.5. For any [A] G Aid, 

dimiA]{Md ■■ M) < 8p{A). 

9. Analytic preliminaries for the lower bound 

Let T > be a positive real number, E be a principal 5'?7(2)-bundle over 5''^ x (M/TZ), 
and A be an ASD connection on E. Suppose A is not flat. Let vr : S*^ x M — > 5^ x (M/TZ) 
be the natural projection, and E := 7r*E and A := 7r*A be the pull-backs. Obviously A 
is a non-flat ASD connection satisfying IFaI^^cx) < oo. Hence it is irreducible (Corollary 
16. 3p . Some constants introduced below (e.g. C2, C3, £1, £2) will depend on (E, A). But 
we consider that (E, A) is fixed, and hence the dependence on it will not be explicitly 
written. 

Lemma 9.1. There exists C2 > such that for any u G Vf'{a,dE) 

\u\^ <C2 [ \dAu\^. 
Then, from the natural T -periodicity of A, for every n G Z 

<C2 [ IdAul''. 

S'-^x[nT,(n+l)T] J S'-^x[nT,(n+l)T] 
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Proof. Since A is ASD and irreducible, the restriction of A to 5^ x (0, T) is also irreducible 
(by the unique continuation [71 Section 4.3.4]). Suppose the above statement is false, then 
there exist m„ (n > 1) such that 



Js'-^xlO.T] JS^xfO.Tl 



'53x[0,T] Js^x[0,T] 

If we take a subsequence, then the restrictions of to x (0, T) converge to some 
u weakly in L^S^ x (0,T)) and strongly in L'^{S^ x (0,r)). We have ||m||^2 = 1 (in 
particular m 7^ 0) and (Iau = 0. This means that A is reducible over x (0,T). This is 
a contradiction. □ 

Lemma 9.2. Let A < q < 00. For any u E L?(S'^ x (0, T), A+(adE)), 

II'"IIl°°{s3x{o,t)) — const, IMam||l9(s3x(o,t)) • 

Proo/. Note that the Sobolev embedding LKS^ x (0,T)) C°(53 x [0,T]) is a compact 
operator. Then this lemma can be proved in the same way as in Lemma [9.11 □ 

Lemma 9.3. Let 4 < g < 00. For any gauge transformation g : E E and ri G 

Illilldlfl' ~ l|lL°°(53x(nr,(n+l)T)) ' Id + M\L°°{S^x{nT,{n+l)T))) — COUSt, \\^Ag\\Li(S^x{nT,{n+l)T)) ■ 

Here const, is independent of g and n. 

Proof. From the T-periodicity of A, it is enough to prove the case of n = 0. Suppose 
the statement is false. Then there exists a sequence of gauge transformations {gn}n>i 
satisfying 

inin(||fi'n — M\l^(S^x{0,T)) ' Wdn + 1 II L°o (^3 x (0,T)) ) > IM^fi'"llL9(53x(0,r)) • 

If we take a subsequence, then g^ converges to some g weakly in Lf(S'^ x (0,T)) and 
strongly in C^{S^ x [0,T]). In particular we have dAg = 0. Hence g = ±1 since A 
is irreducible. By multiplying ±1 to gn, we can assume that g = 1. Then there ex- 
ists Un G L\{S^ X (0, T), A+(ad-E')) {n ^ 1) satisfying gn = e"" and ||'W„||^oo(53x(o t)) — 
const \\gn — 1|Il°o(s3x(o T))- Then, by using Lemma Wl2[ we have 

\\9n — 1|Ilo°(53x(0,T)) — const ||^n|lLcx)(5.3x(o,T)) 

< const' |MAtfn||iq(s3x(o,T)) — COUSt" IM^f^n || ^^9(58 x (o,T)) • 

This is a contradiction. □ 
Lemma 9.4. There exists si > such that, for any gauge transformation g : E ^ E, if 

mindly - 1\\l^^x) > \\9 + 1|Il-(x)) < const WdAghoo^x) ■ 
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Proof. From Lemma [9.31 

mind^f - l||2,«>(53x(nT,(n+l)T)) ' Id + l|lL°°(S'3x(nT,(n+l)r))) - ^ IM^fl'llL°°(X) ^ ^ ■ Ei- 

Suppose mm{\\g - l||ioo(53x(o,T)) > 1^ + 1|Il-(53x(o,t))) = 11^ - 1|Il-(53x(o,t))- We want to 

prove that for all n & Z 

(41) 

"^il^dlfl' ~ l|lL°°(S3x(nT,{n+l)T)) ' Id + ^ IIl°°{S3x (nT,{n+l)T))) = US' ~ ^\\L^{S^x{nT,{n+l)T)) ■ 

We have is- - 1 1^00(53 x(o,t)) < C ■ Ei <^ 1. From \dAg\ < £1, US' - 1|Iloc(53x(t,2T)) ^ 
(C + T)£:i, and hence \\g + 1|Iloo(53x(t2T)) ^ 2 — (C + T)£:i. We choose £1 > so that 
{C + T)6i < 1. Then fHTj) holds for n = 1. In the same way, by using induction, 
we can prove that (jUj) holds for all n G Z. Then Lemma 19.31 implies \\g — M\l°°{x) — 
C\\dAg\\L^(xy n 

Let > be a large positive integer which will be fixed later, and set R .= NT. Let 
be a smooth function on M such that < (f < 1, (f = 1 on [0, R], (p = over t > 2R 

and t < —R, and < 2/R. Then for any u G Q^{a.dE) (not necessarily compact 

supported), 

/ MamP < / \dA{'pu)\^ = / {AA{fu),(fu). 

Js^x[0,R] Js^xR Js^xR 

Here A a ■= V^Va = — * dA * dA on Q^{adE). We have AaI^Pu) = i^Aau + ■ m + 
*{*dip A c/am — d(f a *dAu). Then Aa(v5m) = A^m over S'^ x [0, i?] and 



\Aa{vu)\ < {2/R)\u\ + (4/i?)|ciAw| + \Aau\. 



Hence 



\dAu\^<{2/R) \u\^+{4/R) \u\\dAu\+ \Aau\\u\. 

S'-^x[0,R] Jtel~R,0]U[R,2R] Jte[--R,0]U[iJ,2i?] Js'-^xl-R,2R] 



From Lemma [9. 11 



te[-fl,o]u[i?,2i?,] Jte[-fl,o]u[i?,2_R,] 



[ \u\\dAu\ <J[ \U\\ [ \dAu\^ < / Ma^P 

Jt6[-i?,0]U[ii;,2iJ] y Jte[-R,0]U[R,2R] y Jte[--R,0]U[i?,2/?] Jte[--R,0]U[R,2R] 



Ma«P < +^^^ / + / \Aau\\u\. 



Hence 



53x[0,i?] Jte[-R,0]U[R,2R] Js^x[~R,2R] 

For a function (or a section of some Riemannian vector bundle) / on S*^ x M and p G [1, 00] 
we set 



(oc^p ■— sup \\j\\LP{S3x(nR,{n+l)R)) 
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Then the above imphes 

/ \dAu\'^ < ^^^2 + 8^/C^ \\dAu\\'jo.L2 + 3 |||Aam| ■ |m|||^oo 

In the same way, for any n G Z, 

Ma^T < ^'^^ +^v^ \\dAuf^a^^2 + 3 |||A^u| ■ \u\ 

S^x[nR,{n+l)R] ^ 



Then we have 



\dAu\looi^2 < ^^"^ \dAu\looL2 + 3 |||Aam| ■ 

ri 



We fix > SO that (4C2 + 8y/C^)/R < 1/2 (recaU: R = NT). If \\dAu\\^^^2 < 00, then 
we get 

\\dAuff,^^2 < 6 \\\Aau\ ■ \u\ 



From Holder's inequality and Lemma [9.11 

Hence \\dAu\\ga^^2 < Q\/C^\\AAu\\ga^-[^2, and ||M||£ooi2 < VC2\\dAu\\^aoi2 < 6C2 ||AAM||^ooi2. 
Then we get the following conclusion. 

Lemma 9.5. There exists a constant C3 > such that, for any u G Q^{a.dE) with 
\\dAu\\gao^2 < 00, we have 

\\u\\(,ooL2 + \\dAu\\iooL2 < C3 ||Aam||^^^2 . 
The following result gives the "partial Coulomb gauge slice" in our situation. 

Proposition 9.6. There exists 62 > satisfying the following. For any a and b in 

Q^{adE) satisfying d\a = d\h = and \\a\\j^^ , \\b\\j^oc. < B2, if there is a gauge transforma- 
tion g of E satisfying g{A-\- a) = A + b then a = b and g = ±1. 

Proof. Since g{A + a) = A + b, we have dAg = ga — bg. Then we have \dAg\ < 2e2. We 
choose £2 > so that 2^2 < £i- {^i is the positive constant introduced in Lemma [9.4[ ) 



From Lemma [931 by multiplying ±1 to g, we can suppose \\g — l||^oo < const ■ £2 <^ 1- 
Then there exists u G f2°(adi?) satisfying g = and \\u\\^ao < const ■ £2- We have 

c/ac" = dAU + {dAU ■ U + udAU)/2\ + (d^U ■ + udAU ■ U + U^dAU)/?)\ + ■ ■ ■ . 

Since |m| < const ■£2^1, 

M^e"! > |dAM|(2-el"l) > \dAu\/2. 

Hence \dAu\ < 2\dAg\ < 4^2 • In particular, Irf^-ul ^00^,2 < 00. In the same way we get 
Mas' I < 2|(i/iM|, and hence 

(42) WdAgl^L^ < 2 \\dAul^L2 < 2C3 \\Aau1^^2 . 
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Here we have used Lemma I9.5[ Since d\a = d\b = and d^g = go- ~ bg, we have 

AAg = — * dA* dAg = — * {dAg A *a + *b A dAg)- 

Therefore || A^(7||^ooj^2 < (lkllL°° + < oo. Moreover, by using the above 

and ||a||^^ , \b\^^ < 62, we get 



(43) W^Agho^L^ < 4C3£2 \\^AUI^L2 . 

A direct calculation shows jA^-u"! < n{n — l)\u\"'~'^\dAu\'^ + n|-u|"~^| A^-ul. Hence 

(44) |AA(e" -u)\< el"l|dAM|' + (e'"! - l)|A^^i| < Ce^HdAul + \Aau\). 

Here we have used \u\, \dAu\ < const ■£2 ^ 1- Hence (1 — Ce2)\AAu\ < Ce2\dAu\ + \ AAg\, 
and (1 - Ce2) \\Aau\\^^^2 < Ce2 MamI ^00^,2 + ||A^5(||^^^2 < 00. We choose £2 > so that 
(1 - Ce2) > 0. Then ||Aam||^oo^2 < 00. 
The above (jBl) implies 

\\AAg - AAu\\f^^2 < Ce2i\\dAu\\f^^^2 + ||Aam 1^00^2). 
Using Lemma [93| we get 

||Aa5' - AAu\\gooL2 < C'e2 \\Aau\\^^^2 ■ 

Then the inequality (H3ll gives 

(1 - 4C3£2) ||Aa^x||,oo^2 < C'e2 II A^n||,..^2 • 

If we choose £2 > so small that (1 — 4C3£:2) > C'62, then this estimate gives A^u = 0. 
(Here we have used ||A^m||^oo^2 < 00.) Then we get (from Lemma [Q.Sp u = 0. This shows 
g = 1 and a = b. □ 

The following "L°°-estimate" will be used in the next section. For its proof, see Propo- 
sition IA.5I in Appendix lAl 

Proposition 9.7. Let ^ be a C'^-section of A^{adE) over x R, and set rj := (V^V^i + 
//||e|lL»,lhllLoo <oo, then 

lell^o. < (24/5) Wvh^ . 

10. Proof of the lower bound: deformation theory 

The argument in this section is a Yang-Mills analogue of the deformation theory devel- 
oped in Tsukamoto [2Tj. Let ci be a positive real number. As in Section [9l let T > be 
a positive real number, E be a principal 5'[/(2)-bundle over x (M/TZ), and A be an 
ASD connection on E. Suppose that A is not flat and 



(45) 



\\F{A)\\^^<d. 
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Set E := TC*E and A := 7r*A where n : x R ^ x (M/TZ) is the natural projection. 
Some constants introduced below depend on (E, A). But we don't explicitly write their 
dependence on it because we consider that (E, A) is fixed. 
We define the Banach space H\ by setting 

H\ := {a G n^{adE)\ {d\ + d\)a = 0, \\a\\^^ < oo}. 

{H\, II -I £^00) becomes an infinite dimensional Banach space. The additive group TZ = 
{nT G M| n G Z} acts on H\ as follows. From the definition of E and A, we have 
{T*E,T*A) = {E,A) where T : x R ^ S'"^ x {e,t) ^ {9,1 + T). Hence for any 
a G H\, we have T*a G H\ and ||r*a||^tx) = ||a|lioo. 

Fix < « < 1. We want to define the Holder space C'''"(A+(adi?)) for k > Q. Let 
{U\}x=i^ {^a}a=1' {^a}a=i be finite open coverings o{S^x{R/T'L) satisfying the following 
conditions. 

(i) U\ C f/^ and f/j^ C U'^. Ux, U[ and f/" are connected, and their boundaries are smooth. 
Each U'^ is a coordinate chart, i.e., a diffeomorphism between U'^ and an open set in 

is given for each A. 

(ii) The covering map tt : 5*^ x R 5*^ x (M/TZ) can be trivialized over each U'l, i.e., we 
have a disjoint union n^^{U") = Unez ^nX ^^ch that vr : U"^ — >• U" is diffeomorphic. We 
set f/„A := Kx n T^-HUx) and t/;, := U^l^ H n-\U[). We have 7i~\Ux) = Unei^UnX and 
vr-^ra = U„ezf^;A- 

(iii) A trivialization of the principal S'[/(2)-bundle E over each U'l is given. 

From the conditions (ii) and (iii), we have a coordinate system and a trivialization of 
E over each U'^^^. Let u be a section of A*(adi?) (0 < i < 4) over 5''^ x M. Then u\uii^ 
can be seen as a vector- valued function over U'^y^. Hence we can consider the Holder norm 



ll'"llc'=."(f/„A) of as a vector-valued function over Unx (cf. Gilbarg-Trudinger P Chapter 
4]). We define the Holder norm ||M||cfc,c by setting 

W Life Q sup r'^ r'fc.c«/'r7 ,"1 • 

neZ,l<A<A ^ "^^ 

For a G H\, we have ||a||cfe,Q < constjt ||a||^oo < 00 for every = 0, 1, 2, ■ ■ ■ by the elliptic 
regularity. We define the Banach space C'^'"(A'*"(adi?)) as the space of sections u of 
A^(ad£') over 5*^ x M satisfying ||M||cfc.a < 00. 
Consider the following map: 

$ : i/ji X C^'" ( A+ (adE) ) C°'" ( A+ (adE) ) , (a, 0) ^ F+ ( A + a + ^^40) . 

This is a smooth map between the Banach spaces. Since F^{A + a) = (a A a)^, 

(46) F+(A + a + d\4>) = (a A a)+ + d\d\(j) + [a A d^^cj)]^ + {d\(t) A d\(j)y . 

The derivative of $ with respect to the second variable at the origin (0, 0) is given by 

(47) 92$(o,o) = d\d\ = \{V\Wa + 5/3) : C2-"(A+(adE)) ^ C°'"(A+(adE)). 
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Here we have used the Weitzenbock formula (see f|TT]) ). 

Proposition 10.1. The map (V^Va + 5/3) : C2'"(A+(adE)) C°'"(A+(adE)) zs iso- 
morphic. 

Proof. The injectivity follows from the L°°-estimate of Proposition 19.71 So the problem 
is the surjectivity. First we prove the following lemma. 

Lemma 10.2. Suppose that rj G C°'"(A"'"(ad£')) is compact- supported. Then there exists 
(j) G C^'"(A+(adi?)) satisfying (V^Va + 3/3)4) = V ^'^^ Il0llc2.« — const ■ ||?7||co,a- 

Proof Set Lj := G L\A+{^dE))\V e L'}. For 6,6 e Lf, set (6,6)5/3 := 
(S'/3)(6, 6)l2 + (Va6, Va6) l2. Since S' is a positive constant, this inner product defines a 
norm equivalent to the standard L^-norm. r] defines a bounded linear functional (■, 77)^2 : 
— > M, ^ f— > {^,rj)L2. From the Riesz representation theorem, there uniquely exists 
(j) E Lf satisfying (6 4>)s/3 = (^, v) ^^J ^ ^ -^i- This implies that (V^Va + 5'/3)0 = rj 
in the sense of distributions. Moreover we have \\4>\\]^2 < const ||?7||^2. From the elliptic 
regularity (see Gilbarg-Trudinger [9l Chapter 9]) and the Sobolev embedding ^ L^, 

Miiiu^^) < const x{\\(P\\l4^u^^) + Mlhk^))^ 

< constA(||0||i2(^^j + MlHK^))^ 

< constA(||r/||^2 + ||r7||^4). 

Here constA are constants depending on A = 1, 2, ■ ■ ■ , A. The important point is that they 
are independent of n G Z. This is because we have the TZ-symmetry of the equation. 
From the Sobolev embedding L2 ^ L°°, we have 

101^^ < const ■ sup ||0||l4(^^^) < const ( II r/ II ^2 + \\r]\\^,) < 00. 

n,\ 

Using the Schauder interior estimate (see Gilbarg-Trudinger P Chapter 6]), we get 

II 0|lc2,- < constAdl^l^oc + \\v\\co,^iu^^))- 
From Proposition 19.71 we get ||0||^oo < (24/5*) ||?7||^oo. It is easy to see that 
(48) sup \\r]\\ro,o.(fj' ) < const \\riLo,c ■ 

n,X ^ 

(Recall ||?7||co,<. = sup^^A ll^llco."(f/„A)-) Hence ||0||c2,« < const(||r7||^^ + ||?7||^o,«) < const ||r7||co,<.. 

□ 

Let rj G C°'"(A+(ad£')) (not necessarily compact-supported). Let ipk {k = 1,2, ■ ■ ■) he 
cut-off functions such that < ^9^, < 1, = 1 over |t| < A; and (fk = over |t| > k -\- 1. 
Set ?7fc := <fkV- From the above Lemma [10.21 there exists 0^ G C^'"(A'^(ad-E')) satisfying 
(V^Va + S/3)(f)k = Vk- From the L°°-estimate (Proposition 19. 7p . we get 

\\4kh^<{24/S) hfcl^^ < (24/5) M^^. 
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From the Schauder interior estimate, we get 

Uky.^iu^^) < constA ■ iWML^iu^^) + ll^fcllco,"(£7;j) < const (||r/||^^ + hfc||co,«(f7/ j). 

We have rj^ = rj over each f/^;^ for A; ^ 1. Hence ||0fc|lc2,c«(i/„;^) ^ 1) is bounded 
for each (n. A). Therefore, if we take a subsequence, (pk converges to a C^-section of 
A~'"(adi?) in the C^-topology over every compact subset. satisfies (V^Va + S/3)(f) = r] 
and ||0||j;^oo < (24/5") ||?7||j;^cx). The Schauder interior estimate gives 

||0|lc2,-(f;,^^) < COnstA(||0||^co + \\v\\co.c(u'„^))- 

By (HHD, we get ||0||c2,c« < const \\r]\\^o.c < oo. □ 

Since the map (147!) is isomorphic, the imphcit function theorem imphes that there exist 
82 > and ^3 > such that for any a G H\ with ||a||^oc < ^2 there uniquely exists 
(pa e C2'"(A+(adE)) with ||0a||c2.c < ^3 satisfying F+(v4 + a + d^^^) = 0, i.e., 

(49) d\d\(j)a +[aA d\(j)a]^ + {d\<Pa A rf>a)+ = -(a A a) + . 

Here the "uniqueness" means that if G C^'°(A+(adii^)) with 101^2,0 < ^3 satisfies F+(yl + 
a + (i^^) = then (p = (pa- From the elliptic regularity, (pa is smooth. We have 0o = 
and 

(50) ||0a|lc2.« < const ||a||^oo , \(pa - 06|lc2,c < const \a - b\j^^ , 

for any a,b & H\ with ||a||Loo , ||&||loo < ^2- The map a ^-^ 0^ is T-equivariant, i.e., 
0^*^ = T*0« where T : S'^ x R ^ x R, {e,t) ^ {6, t + T). 

We have F{A + a + d\(pa) = F{A + a) + dAd\(pa + [a A d\(pa] + d\(pa A d\(pa. From (pi), 
if we choose ^2 > sufficiently small, 

(51) \\F{A + a + d\^a)\\L^ < \\F{A)\\^^ + const ■ 62 < d. 
Moreover we can choose ^2 > so that, for any a G H\ with lal^^oo < 62, 

(52) \\a + d\(p 

a II j^oc < const ■ ^2 < £2, 

where 62 is the positive constant introduced in Proposition 19.61 

Lemma 10.3. We can take the above constant ^2 > sufficiently small so that, if a,b E 
H\ with \\a\\^oc , II&IIloo < S2 satisfy a + d\(pa = b + d\(ph, then a = b. 

Proof. By (|49]), 

\{V\Va + S/?,){(Pa - (Pb) = d\d\{(Pa - (Pb) 

(53) ={h^{b- a))+ + {{b - a) A a)+ + [6 A {d\(P^ - d>a)]+ + [{b - a) A d\(Pa\^ 

+ {d\(Pb A {d\(Pi, - d\(j)a)y + {{d\(Pb - d\(Pa) A d\(Pay 



r oo • 



oo • 
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Its C'''"-norm is bounded by 

const(||a||co,« + \\b\\cQ,c. + \\d*A4>a\\co,c) \\a - 6||co,« 

+ COnst(||6|||^o,a + \\d*A(l)a\\co,c, + \\d*A(l)b\\co,c) IM^^a " C^A^bicO'- • 

From (!50!) . this is bounded by const ■ ^2 ||a — 6||^oo- Then Proposition 110.11 imphes 

II 0a - 4>b\\c2.c. < const ■ ^2 ||a - &||^o 
Hence, if a + (i^0a = b + d^cpj, then 

||a - b\\^oo = IM^^a ~ d\(f)b\\j;^^ < const ■ 62 \\a - b\\^„ 
If S2 is sufficiently small, then this implies a = b. □ 
For r > 0, we set Br{H\) := {a G H\\ \\a\\^oc < r}. 

Lemma 10.4. Let {a„}„>i C Bs^{H\) and suppose that this sequence converges to a & 
B^^{H\) in the topology of uniform convergence over compact subsets, i.e., for any compact 
set K (Z S"^ y^M., ||a„ — a||^oo(j^) — > as n ^ oo. Then d\(j)a„ converges to d\(j)a in the 
-topology over every compact subset in x M. 

Proof. It is enough to prove that there exists a subsequence (also denoted by {a„}) such 
that d^cpan converges to d\(j)a in the topology of C°°-convergence over compact subsets 
in X M. From the elliptic regularity, a„ converges to a in the C°°-topology over every 
compact subset. Hence, for each k > and each compact subset i^' in X, the C^-norms 
of 0a„ over K {n > 1) are bounded by the equation fH^ and ||0a„|lc2,« ^ ^3- Then a 
subsequence of converges to some in the C°°-topology over every compact subset. 
We have ||0||c2,q < and F~^{A + a + d\(j)) = 0. Then the uniqueness of 0a implies 
= 0,. □ 

Consider the following map (cf. the description of in Remark II. 3p : 

(54) Bs,iH\)^Md, a^[E,A + a + d*^(l)a]. 

Note that we have \F{A + a + d*^(f)a)\ < d (see f lFIjl ). and hence this map is well-defined. 
Bs2{H\) is equipped with the topology of uniform convergence over compact subsets. 
{Bs2{H\) becomes compact and metrizable.) The map fl5^ is continuous by Lemma [10.41 
TZ naturally acts on Bs^i^H^), and the map is TZ-equivariant. {J^d is equipped with 
the action of TZ induced by the action of M.) 

Lemma 10.5. The map [54\ ) is infective for sufficiently small 82 > 0. 

Proof. Let a, 6 G Bs2{H\), and suppose that there exists a gauge transformation g : E —>■ 
E satisfying g{A + a + d\(j)a) = A + b + d\(f)b. We have d\{a + d\(j)a) = d\{b + d\(j)b) = 
and II a + (i^0a||^^ ; 11^ + d*A(pb\\Lac < £2 (see (13^ ). Then Proposition 19 . 61 implies a + (i^0a = 
b + d\(f)b- Then we have a = 6 by Lemma [10.31 □ 
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Therefore the map fl54l) becomes a TZ-equivariant topological embedding. Hence 

(55) dim[E,A]{Md : TZ) > dimoiBs,iH\) : TZ). 

The right-hand-side is the local mean dimension of {Bs2{H\),T7j) at the origin. We define 
a distance on B^^^H]^ by 

dist(a,6) := J]2""l|a-^llL-(|t|<(n+i)T) {<^.^^Bs^{H\)). 

n>0 

Set Qn '■= {0,T, 2T, ■ ■ ■ ,{n — 1)T} C TZ (n > 1). {f2ri}„,>i is an amenable sequence in 
TZ. For a, be Bs^{H\), 

(56) distf^„ (a, 6) > ||a - 6|| ioo(o<t<„T) • 

For each n > 1, let 7r„ : x (M/nTZ) ^ 5'^ x (M/TZ) be the natural ra-hold covering, 
and set := 7r*(E) and := 7r*(A). We denote as the space of a G Q}{sidEn) 
over 5"^ x (M/nTZ) satisfying (dj^^ + d\^)a = 0. We can identify with the subspace 
of H\ consisting of riT-invariant elements. The index formula gives dimif^^^ = 8riC2(E). 
(We have = H^^ = 0.) From m, for a, b G Bs,{H\J := G H\J M^^^^^ < 62} 

(57) distj^„(a,6) > \\a - b\\^^^^^ . 

Let < r < 62- Since distTz(a, b) <2 \\a — b\\^ac, we have Br/2{,H]i) C -Br(0; Bs^{H]^)tz. 
Here -B,.(0; i?52(-f^A))TZ is the closed r-ball centered at in B5^{H\) with respect to the 
distance distrz('5 ■)• From flSTl) and Lemma [2?T| for £ < r/2 

Widim,(5,(0;5,,(i7ji))Tz,distnJ > Widim,(5,/2(^A), dist^J 

> Widim,{Br,2{H\J, IMIi^) = dimifj,^ = 8nc2(E). 

Hence, for £ < r/2, 
Widim,(5,(0;55,(//A))TZ C 55,(ifji) : TZ) 

> limsup ( -Widim,(B,(0;55,(ifJi))Tz,distnJ J > 8c2(E). 

Let £ ^ 0. Then 

dim(S,(0;5,,(iJj,))™ C 55,(ifi) : TZ) > 8c2(E). 
Let r ^ 0. We get dimQ{Bs^{H\) : TZ) > 8c2(E). From ([55]) and Proposition ElU 

dim[s,A](A<d : M) = diuiyEAi^d : TZ)/T > 8c2(E)/T = 8p(A). 
Therefore we get the conclusion: 

Theorem 10.6. If A is a periodic ASD connection on E satisfying ||T(A)||^oo(x) ^ 

dim[A](A^d:M) = 8p(A). 
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Proof. The upper-bound dim[^](A^rf : M) < 8p(A) was already proved in Section [8721 
If A is not flat, then the above argument shows that we also have the lower-bound 
dimiA]{Md ■■ K) > 8p{A). If A is flat, then dim[A](A^d : M) > = 8p{A). Hence 
dim[A](-Md:M) = 8p(A). □ 

We have completed all the proofs of Theorem 11.11 and Theorem ll.2[ 

Appendix A. Green kernel 

In this appendix, we prepare some basic facts on a Green kernel over xR. Let a > 
be a positive constant. Some constants introduced in this appendix depend on a, but we 
don't explicitly write their dependence on a for simplicity of the explanation. In the main 
body of the paper we have a = S/3 (5* is the scalar curvature of S*^ x M), and its value 
is fixed throughout the argument. Hence we don't need to care about the dependence on 
a = S/3. 

A.l. (A + a) on functions. Let A := V*V be the Laplacian on functions over x M. 
(Notice that the sign convention of our Laplacian A = V*V is "geometric". For example, 
we have A = — X]^=i d'^/dxj on the Euclidean space M^.) Let g{x, y) be the Green kernel 
of A + a; 

{/\y + a)g{x,y) =6^{y). 

This equation means that 

4>{x) = g{x,y){Ay + a)(f){y)dvo\{y), 

for compact-supported smooth functions 0. The existence of g{x, y) is essentially standard 
([21 Chapter 4]). We briefly explain how to construct it. We fix x G x M and construct 
a function gxiy) satisfying {A. + a)gx = S^. As in [21 Chapter 4, Section 2], by using a local 
coordinate around x, we can construct (by hand) a compact-supported function go^xiv) 
satisfying 

(A + a)go,x = Sx - gi,x, 

where gi^x is a compact supported continuous function. Moreover g^ x is smooth outside 
{x} and it satisfies 

consti/ d{x,y)^ < goAv) < const2/rf(x, y)^ 

for some positive constants const i and const2 in some small neighborhood of x. Here 
d{x, y) is the distance between x and y. Since (A + a) : —>■ is isomorphic, there 
exists g2,x e Lj satisfying (A + a)g2,x = gi,x- {92,x is of class C^.) Then gx := go,x + g2,x 
satisfies (A + a)gx = Sx, and g{x, y) := gx{y) becomes the Green kernel. g{x, y) is smooth 
outside the diagonal. Since 5*^x11^ = SU (2) x M is a Lie group and its Riemannian metric 
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is two-sided invariant, we have g{x, y) = g{zx, zy) = g{xz, yz) for x,y, z E x M. g(x, y) 
satisfies 

(58) ci/d{x,yf < g{x,y) <C2/d{x,yf {d{x,y)<6), 

for some positive constants ci, C2, S. 
Lemma A.l. g{x,y) > for x ^ y. 

Proof. Fix X = {00, to) G S*^ x R. We have (A + a)gx = outside {x}, and hence (by 
elhptic regularity) 

\9x{0,t)\ < const ||fi'a::||i2(53x[t-l,f+l]) {\t-to\ > 1). 

Since the right-hand-side goes to zero as \t\ oo, g^ vanishes at infinity. Let i? > be 
a large positive number and set Q := x [—R,R] \ Bs{x). {6 is a positive constant in 
( 158|) .) Since gx{y) > ci/d{x,yY > on dBs{x), we have g^ > — sup^^^.^ \gx{9,t)\ on dfl. 
Since (A + a)gx = on f2, we can apply the weak maximum (minimum) principle to g^ 
(Gilbarg-Trudinger ^ Chapter 3, Section 1]) and get 

9xiy) > - sup \gxi0,t)\ (yen). 

t=±R 

The right-hand-side goes to zero as i? — oo. Hence we have gx{y) > for ?/ 7^ x. Since 
gx is not constant, the strong maximum principle ([9], Chapter 3, Section 2]) implies that 
gx cannot achieve zero. Therefore gx{y) > for y ^ x. □ 

Lemma A. 2. There exists C3 > such that 

0<^(x,y) <C3e-v^'^(^'^) {d{x,y)>l). 

In particular, 

/ g{x,y)dyo\{y) < 00. 
The value of this integral is independent of x E xW because of the symmetry of g{x,y). 

Proof. We fix xq = {6q, 0) G 5*^ x R. Since 5*^ x R is homogeneous, it is enough to show 
that gxoiy) = g{xo,y) satisfies 

9xo{y) < const ■ e"^l*l {y = {9,t) G 5^ x R and \t\ > 1). 

Let C := sup|t|=i^^o(0,t) > 0, and set u := Ce^(i"l*l) - gx^iy) {\t\ > 1). We have m > 
at t = ±1 and (A + a)u = (|t| > 1). u goes to zero at infinity. (See the proof of Lemma 
lA.ll ) Hence we can apply the weak minimum principle (see the proof of Lemma [A. II) to 
u and get M > for \t\ > 1. Thus gxoiy) < Cev^^^"!*!) (|t| > 1). □ 

The following technical lemma will be used in the next subsection. 
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Lemma A. 3. Let f be a smooth function over x R. Suppose that there exist non- 
negative functions /i,/2 £ L^, /a £ and f^, f5, fe G L°° such that \ f\ < fi + f^, 
I V/l < /2 + /s and \Af + af\ < /g + /e- Then we have 



f{x)^ [ g{x,y){Ay + a)f{y)dvo\{y). 



Proof. We fix a; G S*^ X M. Let p„ {n > 1) be cut-off functions satisfying < p„ < 1, Pn = 1 
over |t| <n and pn = over |t| >n-\-l. Moreover |Vpn|, \^Pn\ ^ const (independent of 
n > 1). Set fn '■= pnf ■ We liave 

fn{.x)= / g{x,y){Ay + a)fn{y)dyo\{y). 



(A + a)fn ^Apn-f- 2{Vpn, V/) + Pn{A + o) f . 

Note tfiat gx{y) = g{x, y) is smootfi outside {x} and exponentially decreases as y goes to 
infinity. Hence for n ^ 1, 



/" Ap, ■ /Idvol < C J I fl dwo\ + C f gj, dvo\{y). 

Since supp((ip„) C {t G [— n — 1, —n] U [n, n + 1]} and /i G and /4 G L°°, the right- 
hand-side goes to zero as n ^ oo. In the same way, we get 

J g,\{Vpn,Vf)\dyol^O (n^oo). 

We have gx\pn{A + a)f\ < g^lAf + af\, and 

[gx{y)\Af + af\dYo\<[ 5,(y)|A/ + a/|dvol + ( sup gx{y)] [ f^dyol 

J Jd{x,y)<l \d{x,y)>l J J d{x,y)>l 

+ / Qxf&dvol < oo. 

Jd(x,y)>l 

Hence Lebesgue's theorem implies 

hm / gxPn{A + a)f dvol = / ga:(A + a)f dvol. 

n-^ooj J 

Therefore we get 

= J gx{A + a)fdyol 

□ 
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A. 2. (V* V + a) on sections. Let E he a. real vector bundle over S*^ x M with a fiberwise 
metric and a connection V compatible with the metric. 

Lemma A. 4. Let cj) he a smooth section of E such that \(t)\j^2, || V0||^2 and ||V*V0 + a^f^oo 
are finite. Then satisfies 



x)\< / g{x,y)\V*V(t){y) + a(l){y)\dYo\[y). 



|V0„| 


2 _ 


V|0„| 


to 


I0n 





Proof. The following argument is essentially due to Donaldson [3, p. 184]. Let M be the 
product line bundle over S*^ x M with the product metric and the product connection. 
Set (pn '■= (0; 1/"^) (a section of E ©M). Then |0„| > 1/n and hence 0„ 7^ at all points. 
We want to apply Lemma [A. 31 to < |0| + 1/"^ where |0| G and l/n G 

V0„ = (V0,O) and V*V0n = (V*V0,O). We have the Kato inequality |V|0n|| < |V0„|. 
Hence V|0„| G L^. From A|0„|V2 = (V*V0„,0„) - |V0„p, 

(59) (A + a)|0„| = (V*V0„ + a0„,0„/|0„|) - 

Hence (by using |0„| > 1/n and |V|0„|| < |V0„|) 

|(A + a)|0„|| < |V*V0„ + a0„| +n|V0„|2 < | V*V0 + a0| + a/n + n| V0p. 

|V*V0 + a0| + a/n G and n|V0p G L-*^. Therefore we can apply Lemma [A. 31 to |0„| 
and get 

\4>n{x)\ = j g{x,y){Ay + a)\(t)n{y)\dYo\{y). 
From (159!) and the Kato inequality |V|0„|| < |V0„|, 

{Ay + a)|0„(y)| < |V*V0„ + a0„| < |V*V0 + a0| + a/n. 

Thus 

|0n(a;)| < j g{x,y)\V*V(p(y) + a(f){y)\dvol{y) + ^ j g{x,y)dvo\{y). 
Let n — >^ 00. Then we get the desired bound. □ 

Proposition A. 5. Let (p be a section of E of class , and suppose that and rj : = 
(V*V + a)0 are contained in L°° . Then 

||0|Iloc < (8/a) \\r]\\^^ . 

Proof There exists a point (^i,ti) G 5^ x R where |0(^i,ti)| > ||0||ioo /2. We have 

A|0|2 = 2(V* V0, 0) - 2| V0p = 2(r/, 0) - 2a|0p - 2| V0|l 

Set M := 101^00 \\v\\l°°- Then 

(A + 2a)|0p < 2(77,0) < 2M. 
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Define a function / on 5^ x M by f{e,t) := (2M/a) cosh y/a{t - ti) = {M / a){e^^*-*^^ + 
gv^(-t+ti))_ Then (A + a)/ = 0, and hence (A + 2a)f = af > 2M. Therefore 

(A + 2a)(/-|0p)>O. 

Since |0| is bounded and / goes to +oo at infinity, we have / — |0p > for \t\ ^ 1. Then 
the weak minimum principle ([9], Chapter 3, Section 1]) imphes f{9i,ti) — 10(6*1, ti)^ > 0. 
This means that ||0||'^ /4 < 10(^1, < (2M/a) = (2/a) ||0||^^ ||r/||^^. Thus ||0||^^ < 
i8/a)\\vh^. □ 

Lemma A. 6. Let rj be a compact- supported smooth section of E. Then there exists a 
smooth section (p of E satisfying (V*V + a)0 = rj and 



|0(a;)| < / g{x,y)\r]{y)\dvo\{y). 

Js^xR 

Proof Set Ll{E) := G L\E)\ G L'} and (ei,6)a := (V^i, V^)^^ + 0(6,6)^^ for 
^1, ^2 £ L\{E). (Since a > 0, this inner product defines a norm equivalent to the standard 
L^-norm.) rj defines the bounded functional 



L2- 



From the Riesz representation theorem, there uniquely exists G Lf{E) satisfying (^, 0)^ = 
(^,77)^2 for any ^ G L\{E). Then we have (V*V + a)0 = in the sense of distribution. 
From the elliptic regularity, is smooth. and V0 are in L^, and (V*V + a)0 = is in 
L°° . Hence we can apply Lemma IA.4I to and get 



|0(a;)| < j g{x,y)\V*V(f){y) + a(f){y)\dYo\{y) = J g{x,y)\r]{y)\dYo\{y). 

□ 

Proposition A. 7. Let rj he a smooth section of E satisfying ||77||^oo < 00. Then there 
exists a smooth section (p of E satisfying (V*V + a)0 = rj and 



(60) \(p{x)\< / g{x,y)\ri{y)\dYo\{y). 

Js^xR 

(Hence is in L°°.) In particular, if r] vanishes at infinity, then also vanishes at 
infinity. Moreover, if a smooth section 0' G L°°{E) satisfies (V*V + a)0' = r] (rj does not 
necessarily vanishes at infinity), then 0' = 0. 

Proof. Let p„ (n > 1) be the cut-off functions introduced in the proof of Lemma [A. 3 1 and 
set rjn '■= PnV- From Lemma IAl6| there exists a smooth section 0„ satisfying (V* V+a)0„ = 
rjn and 

(61) |0n(a;)| < j g{x,y)\rin{y)\dvo\{y) < j g{x,y)\ri{y)\dvo\{y). 

Hence {0„}„>i is uniformly bounded. Then by using the Schauder interior estimate ([HI 
Chapter 6]), for any compact set K G x W, the C^'°-norms of 0„ over K are bounded 
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(0 < a < 1). Hence there exists a subsequence {(f)nk}k>i and a section cf) oi E such 
that (f)nu — > in the C^-topology over every compact subset in x M. Then satisfies 
(V*V + a)(j) = 1]. is smooth by the elhptic regularity, and it satisfies fl60|) from fl6Tl) . 

Suppose ?7 vanishes at infinity. Set K := J g{x,y)dYo\{y) < oo (independent of x). 
For any e > 0, there exists a compact set C S''^ x R such that \ri\ < e/{2K) on the 
complement of Qi. There exists a compact set Q2 ^ ^1 such that for any x ^ Q2 



Then from (iGOll . for x ^ Q2, 



g{x,y)dvol{y) < e/2. 



< / gix,y)\7]{y)\dvo\{y)+ g{x,y)\r]{y)\dvo\{y) < e/2 + e/2 = e. 
Jfii Jn^ 

This shows that vanishes at infinity. 

Suppose that smooth 0' G L°°(E) satisfies (V*V + a)(f)' = r]. We have (V*V + a)(0 - 
0') = 0, and — 0' is contained in Then the L°°-estimate in Proposition IA.5I implies 

- 0' = 0. □ 
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